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B nureparype mupoKo U3BECTEH METOJI IOCTPOCHUS YACTHBIX PELICHUN HEIUHEH-
HBIX YPaBHEHHH B YaCTHBIX MPOU3BOIHBIX, OCHOBAaHHBIA Ha MOHATHH AU depeHInaib-
HOM CBSI3U (MJIM MHBApUAHTHOTO MHOTOOOpaswus) (Suenko, 1961; Cumopos u ap., 1984).
Nnest MeToza COCTOUT B TOM, YTO K 33/IaHHOMY YPaBHEHHIO JOOABIISIETCS COBMECTHOE C
HUM ypaBHEHUE, KaK IpaBuiIo, Oojee mpocToe. Takoil mpuem mo3BosSET HAUTHU YacTHBIE
pemeHust uccienyemoro ypaBuenus. B pabdorax (IlaBnoBa u mp., 2017; XabuOymH u
ap., 2017, 2018; Xakumona, 2018; Habibullin et al., 2016, 2017, 2018) ObL1a peiokeHa
cxema noctpoenus nap Jlakca u peKypCHOHHBIX ONEpaTOpOB Il UHTEIPUPYEMBIX YpaB-
HEHUH B YACTHBIX MPOW3BOIHBIX, OCHOBaHHAS Ha WCIOJIH30BAHUM aHAIIOTHYHOW HJICH.
[Monmxomsiee 0000IIEHNE COCTOUT B TOM, YTO MbI HakiajabiBaeM TuddepeHIHaTIbHYIO
CBSI3b HE K CAMOMY YpaBHEHHIO, a K ero JuHeapuzanuu. [lonydeHHoe B urore ypaBHe-
HHE€ MBI Ha3bIBaeM 000OIIIEHHBIM WHBApUAHTHBIM MHOTOOOpa3uemM. B padotax (ITaBnosa
u np., 2017; XabuOymmun u np., 2017, 2018; Xakumosa, 2018; Habibullin et al., 2016,
2017, 2018) nmoka3aHo, 4To 0000IIEHHbIE HHBAPUAHTHBIC MHOTOOOPA3Hsl MO3BOJISIOT (-
(heKTUBHO CTPOUTH Mapsl JIakca v omiepaTopbl PeKyPCHH HHTETPHUPYEMBIX YPaBHCHHH.

[TosicauM CyTh anropuTM™Ma, IS OTIPEACICHHOCTH BO3bMEM KJIacC YPaBHEHUI BUIA:

ut:f(u’u])uzﬁ""uk)5 (1)

-/
rae u; = D/u. 3xech yepe3 D, 0003HAaYEH ONEpaTop MOIHOro AupdepeHIUPOBAHHUS 110
x. MBI paccMaTpuBaeM MOBEPXHOCTh, ONPEEICHHYI0 OOBIKHOBEHHBIM AU(PepeHnaib-
HBbIM YPaBHEHHMEM CJIEIyIOIIETO BUJA:

HU,U,,...,U,suu,,...u, ) =0, )

COBMECTHBIM C JIMHeapu3anuen ypapHenus (1):

U, = al+ali+aiD)f+...+ain U (3)
Ju Ju, ou, ou,
JUI BCEX 3HAYCHUH TUHAMUYECKUX NepeMeHHbIX ypaBHeHus (1): u,u,,u,,.... CKOHLEH-

TPUPYCMCA Ha CICAYIOIIUX BAXKHBIX ClIydadXx:
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1. H onpenensieTcst TMHEHHBIM YpaBHEHUEM BUJIA!

k
H = Zaj(u,ul,...)Uj;
Jj=0

2. H onperniensercsi HEIMHEHHBIM ypaBHeHUeM Bua (2). IIpenmnonoxum uis mpo-
CTOTBI, 4TO

k=1
H= Z ai’j(u,ul,...)Uin +a, (uu,...).
i,j=0
B nepBom ciydae ¢yHkunio H MOXHO 1mogoOpaTh Tak, 4TO ypaBHEHHE (2) mpH-
BOAMTCA K Buay RU = AU, tne R — oneparop pexypcuu i ypaBHenus (1) (ITaBnosa
u ap., 2017; Xabubymmun u ap., 2017, 2018; Xakumonra, 2018; Habibullin et al., 2016,
2017, 2018). Bo BTOpoM citydae napa ypaBHeHu# (2)—(3) npeacraBiser co00i HEeTHHEH-
Hyto napy Jlakca ansa ypaBuenus (1). B paccMoTpeHHBIX HaMU MpUMepax CYIIECTBYET
TOYEeYHAasl 3aMeHa NIePEMEHHBIX, 3aJaBaeMasi B BUJIe KBaJIpaTUYHBIX (OPM, CBOASIIAS ATy
HeJMMHeHHyo napy k auHeiHou ([1aBnosa u ap., 2017; Xabubymwms u ap., 2017, 2018;
XakumoBa, 2018; Habibullin et al., 2016, 2017, 2018). D¢ dekTuBHOCTS anropuT™Ma moji-
TBEP>KJI€HA MHOTOUHCIICHHBIMU IIPUMEPaMH.
HccnenoBanus BhIMONHEHBI MPH noaepkke [IporpaMmMel hyHIaMEeHTaIbHBIX HC-
cnenoBanuii npesuauymMa PAH «HenuneitHas nuHaMuka: QyHIaMeHTaIbHbIE TPOOIEMbI
U IPUITOKECHUSI.

KiroueBble ciioBa: MHTErpUpyeMoe ypaBHEHHE, MHBApHAHTHOE MHOToo0Opasue, Ju-
Heapu3alus, napa Jlakca, orneparop peKypcHH.
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The method of constructing particular solutions to nonlinear partial differential
equations based on the notion of differential constraint (or invariant manifold) is well
known in the literature, see (Yanenko, 1961; Sidorov et al., 1984). The matter of the
method is to add a compatible equation to a given equation and as a rule, the compatible
equation is simpler. Such technique allows one to find particular solutions to a studied
equation. In works (Pavlova et al., 2017; Habibullin et al., 2017, 2018; Khakimova, 2018;
Habibullin et al., 2016, 2017, 2018) there was proposed a scheme for constructing the
Lax pairs and recursion operators for integrable partial differential equations based on
the use of similar idea. A suitable generalization is to impose a differential constraint
not on the equation, but on its linearization. The resulting equation is referred to as a
generalized invariant manifold. In works (Pavlova et al., 2017; Habibullin et al., 2017,
2018; Khakimova, 2018; Habibullin et al., 2016, 2017, 2018) it is shown that generalized
invariant varieties allow efficient construction of Lax pairs and recursion operators of
integrable equations.

Let us explain the essence of the algorithm, for the certainty take the class of the
equations of the form:

ut:f(u’u])uzﬁ""uk)ﬂ (1)

where u, = D/u. Here D, stands for the operator of the total differentiation with respect
to x. We consider the surface defined by an ordinary differential equation of the following
form:

HU,U,,...,U, uu,...,u, )=0. 2)

m

We assume that (2) is consistent with the linearization of (1):

U, = al+ali+ale+...+ain U
du du, ou, ou,
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for all values of the dynamical variables of the equation (1): u,u,,u,,.... We concentrate
on the following important cases:
1. H is a linear form

k
H= Zaj(u,ul,...)l[].;
J=0

2. H is determined by a nonlinear equation of the form (2). Suppose for simplicity
that

k-1
H= 2 o, (uu,. . JUU, +a, (u,u,...).

i,j=0

In the first case, the function H can be chosen so that equation (2) is reduced to
the form RU = AU, where R is the recursion operator for the equation (1) (Pavlova et
al., 2017; Habibullin et al., 2017, 2018; Khakimova, 2018; Habibullin et al., 2016, 2017,
2018). In the second case a couple of the equations (2)—(3) constitutes a nonlinear Lax
pair for (1). In the examples we have considered, there is a point-wise change of vari-
ables, given in the form of quadratic forms, which reduces this nonlinear pair to a linear
one (Pavlova et al., 2017, Habibullin et al., 2017, 2018; Khakimova, 2018; Habibullin et
al., 2016, 2017, 2018). Efficiency of the algorithm is approved by numerous examples.
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