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VYpaBHEHUs] acCOLMATHBHOCTH BO3HMKIM B paborax Burrena (Witten, 1990),
Heiikxpada, Bepnunae, (Dijkgraaf et al., 1991) mo aBymMepHBIM TOMOJIOTHMYECKUM TE€O-
PUSM TIOJIS ¥ BIIOCJICACTBUY CTAJIM MT'PATh KITFOUEBYIO POJIb BO MHOTHX JIPYTHX Ba)KHBIX
00JIacTAX MaTEMATUKH U MAaTEeMaTHIECKON (PU3UKH: B KBAHTOBBIX KOTOMOJIOTHSIX, TECOPUU
uHBapuaHToB ['pomoBa-ButTeHa, HCUHCIUTENBHON TEOMETPHUH, TEOPHH MTOJIMHOT000pa-
3uif u T.0. B paborax MoxoBa (MoxoB, 1984, Moxos, 1987) Obl1 npeasio’keH U A0Ka-
3aH 00U (pyHIaMEHTATBHBIN PUHIINI, YTBEPKIAIOIINNA KAHOHUYECKYIO TaMHJIBTOHO-
BOCTh OTPaHUYEHHUS MPOM3BOJILHOTO MOTOKAa HA MHOKECTBO CTAlIMOHAPHBIX TOUEK €ro
HEBBIPOXKJICHHOTO HHTETpajia. B 1aHHO# paboTe B SBHOM BHJIC HAWICHBI TAMUJIBTOHHAHBI
PEIYKIHMH YPaBHEHHH aCCOLMATHBHOCTH C aHTHIHATOHAIBHON MATPHIICH 7], B CIlydac 4e-
ThIpEX MPUMAPHBIX MOJIEH COMMacHO KOHCTPYKUKUU MoxoBa.

BBenem ypaBHeHus accoumatuBHOCTH, cuenys (Dubrovin, 1994). Ilycts
F@, £.. ) — OQyHKUHA 7 TEPEeMEHHBIX Takas, YTO BBIMOJHEHbI YCIOBHS
(CPF/ototor = Fl.'ik): (1) marpura n,= Flij, i, j = 1,..., n, HIOCTOSHHA U HEBBIPOKJCHHA,
(i1) ¢pyHKUIMH c;;(t)= nkSFSl.j, i, j, k =1,..., n, npu moOwIX ¢ = (7,..., ") 3aAa10T CTPYK-
Typy aCCOLHMATHBHOIL aireOpsl ¢ 6asucom e,..., e, 1 YMHOKCHHEM € 0e; = ci';(t)ek. Cu-

ctemoii Butrena—/leiikxpada—Bepnunae—Bepnunae nian ypaBHEHUSIMHU acCOIMATUBHO-

CTH HAa3bIBACTCA CHCTEMA ypaBHeHI/Iﬁ B TPCTbUX YACTHBIX IIPOHU3BOJHBLIX Ha (bYHKI_[I/IIO

(1, ..., t"), PDKBHBAJICHTHAsl YCIIOBUIO aCCOIIMATUBHOCTH B 3TOH anredpe:
Pq — P4
n szy'Fqkl_n Fpiqu/k' (1)

PaccmoTpum matpuity n;= 5”1. s L j =1,..., 4, B ciy4ae 4eThIpex NPUMapHbIX MOJICH
(n =4). Eit coorBercTBYI0T QyHKIMs F(2, 12, £, 1))=(1")*t'2+1'CL+f(, £, *) u ypaBHEHUS
ACCOIMATUBHOCTU (x = £2, y =, z = 1*)

2. = SorSow t oS =0, S~ Syt LS =0, 2)
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_2f;cyzfxxz + j;czzfxxy + »fyzzfxxx = 0’ f;zz - f;cyzz + ﬁczzf;cyy - fyyzf;cxz + f;)zzf;cxy = 0

VYpaBHEHHs aCCOLIMATUBHOCTH (2) 3KBUBAJICHTHBHI (TOCII€ 3aMEHBI MOJEBBIX Iepe-
XZZ

1— 2 3— 4_ 5 6 —
MEHHBIX @' = f , a*=f ,a fooa' =T o /. o d /) KOMMYTHUPYIOIIUM CUCTEMaM
THIIPOINHAMHYECKOTO THTIA:

a; =Uj.(a)a;f, a. = V;(a)a;f, i=1,...,6, 3)

MOJTyYE€HHBIM U3 €CTECTBECHHBIX COOTHOIICHHU COBMECTHOCTH Ha MTPOU3BOAHbBIE (DYHKITUU
f(?, ..., t*) ¢ ucrionb3oBaHueM ypaBHeHu# accoratuBaoctd (2) (Ferapontov, Mokhov,
1996, Moxog, 1998). Kpome Toro, B (Ferapontov, Mokhov, 1996, Moxos, 1998)) naii-
JieHa 00I1asi raMUJIBTOHOBA CTpyKTypa JlyopoBruHa—HoOBUKOBa MEepBOTO MOPSIKA CUCTEM
TUAPOAMHAMHUYECKOTO THMa (3).

B crarse (Pavlov, Vitolo, 2014) u3 cniekrpanpHO# 3a1a4n 17151 ypaBHEHUH acCOIH-
aTMBHOCTH (2) OBUIM MOCTPOCHBI 3aKOHBI COXPAHEHUS cucTeM (3), B 4aCTHOCTH, 3aKOHBI
COXPAHEHHUs C IUIOTHOCTSIMHM MHTETPAoB A, :Gl;k)uiu){ (B MEpeMEHHBIX ', CBA3aHHBIX C
nepeMeHHbIMU a’ 110 hopmynam Buera). OTMeTHM, 9TO M3 3TUX 3aKOHOB COXPAHCHUS B
craree (Pavlov, Vitolo, 2014) moctpoena obuiast Bropast raMUIBTOHOBA CTpyKTypa Jly-
OpoBuHa—HoBHKOBa TpeThero mopsiaka cucteM (3), cormacoBaHHasi ¢ IEPBOM, U TaKUM
o0pa3oM Moka3zaHa OUraMUJIBTOHOBOCTh YPaBHEHHM acCOIMATUBHOCTH (2).

PaccMoTpuM NpoKM3BONIBHY O IMHEHHY 0 KOMOWHAIIUIO INIOTHOCTENH MHTETPAJIOB /1,
k=1, 2,3, B KadecTBe IIOTHOCTH epBOro uurerpana l = J.(ZG;I) + ,uG;.z) + va))u;u; dx.
Mertpuka uHTeTpana / u, COOTBETCTBEHHO, CaM UHTETpast / HEBBIPOXKICHHBI MPHU JTFOOBIX
A w, vTakux, 9uTo A #0, u #0, v#0, A #u, A #v, u # v, a 3HAUUT, B TAKOM CJIy4ae MOKHO
OCYIIIECTBUTH PEAYKIMIO cUCTEM (3) Ha MHOXKECTBO CTAI[MOHAPHBIX TOYEK MHTErpana /.
B manno#i paboTe Hali/leH SBHBIM BUJ TaMIJIBTOHHAHOB KAHOHUYECKH TaMUIBTOHOBBIX
pPeayKIUi KaXX0i U3 cucTeM (3) Ha MHOKECTBO CTAI[MOHAPHBIX TOUeK uHTErpaia /. Bol-

ynciieHus nposeaeHsl B Wolfram Mathematica.
HccnenoBanne BBIIONHEHO 3a cueT TrpaHta Poccuiickoro HayuHoro (oHza
(mpoext Ne 18-11-00316).

Kiarwuesble cioBa: YpaBHCHUA aCCOUUATUBHOCTH, PCAYKIHA Ha MHOXKCCTBO CTa-
IMUOHAPHBIX TOYCK MHTCIPajid, KIHOHHUYCCKAsA raMHUJIbTOHOBA CUCTCMaA
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The associativity equations arose in the papers of Witten (Witten, 1990) and Dijk-
graaf, Verlinde, (Dijkgraaf et al., 1991) on two-dimensional topological field theories and
subsequently they became to play a key role in many other important domains of math-
ematics and mathematical physics: in quantum cohomology, Gromov—Witten invariants,
enumerative geometry, theory of submanifolds and so on. In Mokhov’s papers (Mokhov,
1984), (Mokhov, 1987) a general fundamental principle stating a canonical Hamiltonian
property for the restriction of an arbitrary flow on the set of stationary points of its nonde-
generate integral was proposed and proved. In this paper the Hamiltonians of the reductions
of the associativity equations with antidiagonal matrix 7, in the case of four primary fields
according to Mokhov's construction is found in an explicit form.

Let us introduce the associativity equations following (Dubrovin, 1994). Let
F(, ..., t") be a function of n variables such that the following conditions are satisfied
(O°F/ofobot = F o) (1) the matrixm, = F{, i, j = 1,...,n, is constant and nondegenerate,
(i) for all ¢ = (¢, ..., "), the functions C; (t)= nk‘F;ij, i, J, k =1,..., n, define a structure of
an associative algebra with the basis e, ..., e, and the multiplication lawe, ce, = c;f ()e,.

The system of equations on the third partial derivatives of the function F(?',...,#") that is
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equivalent to the associativity condition in this algebra:

N F Fyy =M F,, Fys (1)
is called the Witten—Dijkgraaf—Verlinde—Verlinde (WDVYV) system or the associativity
equations.

Consider the matrix n; = 5”]’ » L Jj = 1,..., 4, in the case of four primary fields
(n=4). The function F(¢, £, £, t*) = (£ )*t//2+1' £ +f(£,£,¢*) and the associativity equations
x=ry==¢tz=1)

_2fxyz - fxyyfxxy + f;/yyf;cxx = O’ _fxzz - f;cyyfxxz + f;/yzfxxx = 0’ (2)
_2fxyzfxxz + f;czzfxxy + f;zzzf;cxx = 0’ f‘zzz - f:vyzz + f;czzfxyy - f;)yzf;cxz + f;)zzfxxy = 0

correspond to the matrix ", The associativity equations (2) are equivalent (under the
change of variables a' = f,_, a’ =fy a=f_ a =fy a =/ a®= f._) to the commuting
hydrodynamic type systems:

aizUj(a)aj, aisz(a)a)f, i=1,...,6, 3)

obtained from the natural compatibility conditions on derivatives of the function
f(P, £, t*) using the associativity equations (2) (Ferapontov, Mokhov, 1996, Mokhov,
1998). Moreover, the joint first-order Dubrovin—Novikov Hamiltonian structure of the hy-
drodynamic type systems (3) was found in (Ferapontov, Mokhov, 1996, Mokhov, 1998).

In the paper (Pavlov, Vitolo, 2014) conservations laws were found from the spectral
problem for the associativity equations (2), in particular, the densities of integrals of the
conservations laws h, = G, u,u, where the variables u' are connected with the variables
a' by Viete’s formulae. Note that the joint second Dubrovin—Novikov Hamiltonian struc-
ture of the third order, which is compatible with the first one, for the associativity equa-
tions (2) is constructed from the above conservation laws, so the bi-Hamiltonian property
of the associativity equations (2) was proved.

We consider arbitrary linear combination of the densities of integrals of the conserva-
tionlawsh, , k=1,2, 3, asthedensity ofthefirstintegral / = J.(/iG;) + ,LlG,f) + va))uiui dx.
The metric of the first integral 7, and respectively the integral /, is nondegenerate for all
A, vsuchthat A#0, u#0, v£0, A #u, A #v, u#v, then in this case we can reduce the
systems (3) on the set of stationary points of the integral /. In this paper, the explicit form
of the Hamiltonians of canonical Hamiltonian reductions of both systems (3) on the set of
stationary points of the integral / is obtained. Computations were performed by Wolfram
Mathematica.

This work is supported by the Russian Science Foundation under grant
No. 18-11-00316.
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