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A methodology is considered for developing a mathematical model to study the
distribution of suspended matter concrentrations in coastal marine areas. This model
assesses the consequences of dredging (namely the disturbance of the natural state of
marine environment for bioresources), it reproduces the formation of suspended matter and
its subsequent transport in the aquatic environment in shallow sea bays and offshore water
areas. This problem is solved in two basic stages: at the first stage – the system of equations
of hydrodynamics (the equations of the theory of "shallow water") is numerically integrated
and the values of the mean components of the flow velocity are determined; and at the
second stage – the system of turbulent diffusion equations is integrated, the processes of
sedimentation of suspended matter, resuspension of bottom sediments, arrival of suspended
matter from distributed point sources, their redistribution in the aquatic environment and
the accumulation of residual quantities on the bottom are taken into account.

Keywords: equations of the theory of «the shallow water»; the system of
advection and turbulent diffusion equations; initial and boundary conditions
Introduction
The spread of suspended matter (SM) in the coastal marine shallow water areas,
bays and estuaries of rivers under natural conditions, as well as in the performance of
various works in which an external mechanical action (for example, bypassing1) on
bottom sediments is assumed, is a complex, multiscale and a multidimensional process.
In the mixing zones of river and sea waters in river mouths, there are so-called
"marginal filters" (Lisitsyn, 1994) in which important ecosystem processes occur
(differential deposition of particles of different size composition, flocculation and
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  Baypassing – a set of works with the purpose of mining building materials as well as restoration /
creation of natural or artificial beaches. In particular, bypassing is carried out the excavation of soil and
the mechanical movement of deposits from one section of the marine area to another.	
  

109

K.A. Podgornyi, A.V. Leonov 	
  
coagulation dissolved substances and SM, bioassimilation and biofiltration). The rates
of chemical transformations of various components in the aquatic environment,
including the rates of biochemical transformation of biogenic substances (BS) in such
zones are much higher than in the open sea. Biological processes include an activity of
living organism community (from bacteria to zooplankton), and in a number of cases
the role of macrophytes is important. Next processes are carried out at the expense of
biological processes: the transformation of dissolved substances and SM, in particular,
BS; transfer of dissolved substances into SM; biofiltration or extraction of SM from
water and transferring it to a bottom sediment. Thus, marine coastal shallow water
areas, bays and mouths of rivers are functioning as unique systems, similar to the
"chemical and biochemical reactors" (Lisitsyn, 1994) under relatively shallow depths
and low temperatures. Dissolved organic matter (DOM) and SM in natural waters play a
key role in various natural processes in the marine environment.
Their role is especialy great in shallow water areas and shelf areas where
concentrations of DOM and SM can be significant. For example, in the Baltic Sea,
DOM concentrations are typically 3–4 times higher than in the oceans (Maciejewska,
Pempkowiak, 2014, 2015). In the waters of shallow lagoons, the content of SM is
usually even higher and significantly affects the speed and direction of performed
processes in these ecosystems.
Unfortunately, the processes of SM propagation are mainly studied from the point
of view of hydrology, morphology, and hydrodynamics (Lisitsyn, Barenblatt, 1983),
while the SM as itself is often considered as a "passive admixture" or a tracer in the
modeling (Rukhovets, 1982; Ryabchenko et al., 2006; Ryanzhin et al., 1984;
Molchanov et al., 2010). This approach is acceptable in solving local problems for the
studying the spatio-temporal dynamics of SM that enter to the aquatic environment, for
example, as a result of landfill, dredging, pipelines, bank protection measures, volley
discharges from sewage treatment plants or in emergency situations. However, with a
more complex task in the comprehensive study of the SM and DOM transformation
processes in natural waters, in order to solve it, in addition to direct observations and
laboratory experiments, the different mathematical models of aquatic ecosystems, and
in particular simulation models, are necessary for the usage. There are examples of the
construction and practical application of similar models (Leonov, 2008; Podgornyii,
Leonov, 2013a, b).
In modern conditions, the entire complex of problems of the SM formation and
distribution are especially relevant and are obligated for the consideration for the
ecological justification of all projects without exception, within which any impacts on
the aquatic environment are carried out and the conditions of living of aquatic biological
resources are violated. Without simulation modelling it is impossible to answer on the
questions related to the state of the marine environment and damage for water biological
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resources when drawing up an expert opinion on the assessment of the effect for
environmental protection (AEEP) for a specific project. When solving the practical
problem of modeling the SM propagation in the water environment, the system of
equations of hydrodynamics (two- or three-dimensional) and the system of equations of
turbulent diffusion are numerically integrated with taking into account of the different
processes and the different scales of turbulent exchange determined by parameters of
the SM mixing for different instants of time; SM sedimentation and resuspension of
bottom sediments; and in a number of cases, the conditions for the cohesion of SM
particles are estimated at the water-bottom sediment interface; and also the jet effects
including an important process of accelerated initial immersion of a "heavy" jet (or
volley drop of soil); and the effect of flocculation associated with the cohesion of SM
particles with its subsequent rapid deposition; and the arrival of SM into water from
distributed (point) sources. In the winter period, it is necessary to take into account the
formation and/or the presence of the ice cover (within the entire water area or on its
part). In a number of cases, one should take into account the effect of density
stratification of the water.
The mathematical model for investigating and forecasting the SM distribution in
marine coastal areas should take into account not only the above processes and
conditions, but also other important phenomena (Arkhipov et al., 2004): the
multidispersity of SM and/or differences in the granulometric composition of
suspensions polluting the water area (this leads to differential precipitation of different
SM fractions); the turbulent nature of the SM transport in the considered design area
and, as a consequence, the need to take into account the dependence of the horizontal
diffusion coefficients on the linear size of the contamination zone; and space-time
variability of the velocity and flow direction fields; and spatial inhomogeneities of the
flow velocity field within the water area; and possible long-term (from several days to
several months) nature of engineering works; and the possibility of continuous (or
episodic) movement of the SM source in the water area during the work.
Thus, the mathematical model should use an information on the hydrometeorological and hydrological features of the work area and modern ideas about the
physicochemical and biological processes that determine the SM formation and
distribution in the water environment; and also the technical characteristics of
equipments applying of which leads to the SM appearance in the coastal zone of the sea,
and a specific technological scheme of dredging and other required works.
The problem of modeling the space-time dynamics of flow fields considers the
case when the horizontal dimensions of the water body are much greater than its depth;
and there is no pronounced seasonal thermocline in the water body and there is a
relative vertical homogeneity (or single-layer structure) of currents. In this case, the
applying the approximations of the theory of "the shallow water" (or the Saint-Venant
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system of equations) is permissible. Models of thermo-hydrodynamic processes are
quite common in which these or other variants of system equations of the shallow water
are used (for example, models of water circulation in shallow lakes, reservoirs, bays and
seas, sediment dynamics model, and conditions of bottom sediment accumulation,
distribution of conservative and non-conservative impurities in watercourses, shallow
lakes and sea bays).
Despite a number of simplifications, the mathematical models and numerical
methods for calculating currents in shallow-water continental water bodies (lakes,
reservoirs, sea bays) and coastal marine areas remain quite complex. The hydrodynamic
problems of the theory of shallow water are formulated in the form of initial-boundary
value tasks. At the same time, the necessary information (morphometric data, impact
functions, initial state of the process and conditions at the boundaries) should be set
fairly accurately in the space-time region where the motion of the water mass is
considered. It is also required to propose an economical numerical method for solving a
system of equations that are nonlinear in their structure. The totality of all
characteristics ensures the quality of the mathematical model.
The system of equations according theory
of the shallow water
It is represented by the Saint-Venant system of equations:
ς

ς

1
1
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where U, V are the vector projections of the average velocity along the coordinate axis
(the axis OX is directed to the east, OY – to the north, OZ – upward); ς – elevation of
the free surface above the reference level surface; h is the distance from the reference
level surface to the bottom; H is the total depth of the water body at a given time; K T –
coefficient of horizontal turbulent exchange; f – Coriolis parameter; g – acceleration of
gravity; τ sx , τ sy – the projection of the tangential wind stress on the coordinate axis; ρ w
– density of water; C is the Chezy coefficient.
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In accordance with the Van Dorn law, at the developed turbulence of the flow, the
following relationships are taken to calculate the components of the tangential wind
stress:
2

2

τ sx = θρ aWa cos α w , τ sy = θρ aWa sin α w ,

(1.6)

where Wa – wind speed over the water body, α w – wind direction, ρ a – air density, θ –
coefficient of hydraulic resistance on the water surface. The coefficient of Chezy, C,
takes into account the loss of energy to overcome frictional forces depending on the
degree of roughness and depth of the water body. It is calculated using semi-empirical
formulas. In particular, the Manning and Pavlovsky formulas are widely used:
1
(1.7)
C = 6 R,
nr
C=

1 σ
R ,
nr

(1.8)

where nr – coefficient of roughness determined by special tables or calculated by the
empirical ratio, depending on the average height of the roughness protrusions ξ :

nr =

0.13 6
ξ ; R is the hydraulic radius (in practice, R is the total depth of flow H). The
g

exponent in formula (1.8) is calculated from the empirical relationship that establishes a
relationship between σ от nr and R:
σ = 2.5 nr − 0.75 R (nr − 0.10) − 0.13 .

(1.9)

We supplement the system (1.3)–(1.5) with the following boundary conditions:
1) the noflow condition is fixed on the solid contour of the computational
domain (or the normal component of the average velocity of the flow is equal to zero:

!
U nb = 0 ); and

2) the radiation condition is used on the liquid boundary of the computational
domain:
⎧ !
g
!
!
!
,
g
⎪U nb = ς
(1.10)
H if U nb ≤ 0 ,
U nb = ς
, если U nb ≥ 0 and ⎨
H
⎪U! = 0,
⎩ τ b

!

where U τb is the tangential component of the average velocity along the depth of the
flow at the liquid boundary of the calculated region. In the confluence of rivers (if any),
the energy condition is used: U n2 + gς =

2
Qriver
(where Qriver – flow rate; Wriver ,
2
2
Wriver
hriver

hriver – respectively the width and the average depth in the alignment of the river).
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As initial conditions, zero velocity and level values (rest state) will be used. When
the wind changes over the water body, the initial fields are the values of the flow and
elevation velocities obtained at the previous time step.
For the numerical solution of the modified Saint-Venant system of equations, an
implicit spatially and time-separated difference scheme is used with the applying the
alternating direction method (Podgornyii, 2003) (realized with the aid of the C-grid of
Arakawa). For the stability of the computational process, the system of equations (1.1) –
(1.5) is modified near the boundary so that the differential operator for the advective
terms on the boundary is the differentiation operator in the direction tangential to the
boundary (Baklanovskaya et al., 1979). Modified equations are approximated on the
selected spaced grid by difference equations that can be solved by the sweep method.
The time step τ for solving the equations depends on the grid steps (Δs )x , (Δs ) y
on the spatial coordinates. When choosing τ, it is necessary to ensure that the criterion
for stability of computations is satisfied on the basis of the Courant-Friedrichs-Levy
max
⎛ τ ⎞
⎟ gH < 1, or τ < (Δs )x ,y , where (Δs )max – is the largest step
criterion (CFL): ⎜
x ,y
⎜ (Δs )max ⎟
gH
x , y ⎠
⎝
of the grid with respect to spatial coordinates.

To parameterize the coefficient of horizontal turbulent exchange K T , different
approaches are used, and in the simplest case, its constant value is used (Chubarenko,
Tchepikova, 2001). To guarantee the computational stability, it is necessary to take into
account its dependence on the grid steps (Δs )x , (Δs ) y on the spatial coordinates (OX
and OY, respectively), and also on the time step (estimated by the criterion of CFL). In
calculations, the specific value of the coefficient K T is found from the relationship:
K T = 0.02(Δs )x (Δs ) y τ (MIKE 21…., 2012). In a number of models (Klevanny,

Smirnova, 2009; Matishov et al., 2009; Klevanny et al., 2001) at the construction of
numerical schemes for estimating the coefficient of horizontal turbulent exchange, the
Smagorinsky parametrization (Smagorinsky, 1963) is used. It is this parametrization
that will be used to calculate the coefficient values K T and to estimate the coefficient of
horizontal turbulent diffusion (equation (2.39)). To date, other approaches for
calculations have been widely used (Fahmy et al., 2013; Lai, 2010; MIKE 21…, 2012)
– for the parametric closure of the system of equations (1.1)–(1.5), turbulent exchange
models are used (most often, k – ε – models of turbulent exchange (Cebeci, 2004; Rodi,
1980). The application of other approaches and models of turbulence as well as their
effective practical numerical realization are considered in (Cebeci, 2004).
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System of equations for processes of advection
and turbulent diffusion
In a general form, the system of equations for describing advection and turbulent
diffusion takes into account sedimentation of SM, resuspension of bottom sediments as
well as the receipt of SM with different granulometric composition from distributed
(point) sources, connected with engineering works on a particular site. When using
convective terms in a non-divergent (characteristic) form, this system of equations can
be represented as follows:
W

W

W

W

∂ (C n )sed ∂ t + U ∂ (C n )sed ∂ x + V ∂ (C n )sed ∂ y + (Ws )n ∂ (C n )sed ∂ z =

(

)

= (Aη )n Δ η (C n )sed + Fn t , (C1 )sed , ..., (C n )sed , n = 1,N .
W

W

W

(2.1)

W

here: (C n )sed – the values of SM concentrations in water for the size fraction n (in the
W

future, instead of the designation (C n )sed , we will use its brief notation Cn ); U, V are
the projections of the vector of the average velocity along the axis of coordinates OX
and OY, respectively, the axis OX is directed to the east, the axis OY – to the north;
(Ws )n – rates of gravitational settling of SM (sedimentation rate of each size fraction of
SM) in the flow, taking into account the difference in sedimentation rates of SM in the
flow compared to standing water; OZ – vertical coordinate, directed downwards; (Aη)n –
coefficient of horizontal turbulent diffusion for the size fraction n; Δη – twodimensional Laplace operator; Fn ≡ Rate(C n ) – a functional operator used to calculate
the rate of change in the concentration of a given fraction of SM; N is the total number
of size fractions; t is time.
The formulation of boundary and initial conditions depends on the hydrological
features of a particular water body, the research tasks and the availability of
observational data. In particular, the boundary conditions can be as follows:
⎯ on the entire solid boundary, in the outflows of the outflowing rivers (if any) and
at the open border with the direction of water movement beyond the calculation
area, the condition that the derivative in the direction of the external normal to
the boundary of the water body is zero:
(2.2)
∂ Cn ∂ nb = 0 .
⎯ on the open border with the direction of movement of water inside the
calculation area, the first boundary condition is set – specific values of the
concentrations of individual SM fractions on this border are specified;
⎯ in the areas of inflowing rivers (if any), the condition is given
(2.3)
∂ Cn ∂ nb − Vn (Cn − Cn _ river ) = 0,
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where Vn is the projection of the water flow velocity on the outer normal to the
boundary, Cn _ river is the concentration of SM components in the aqueous medium (for
each size fraction n).
It follows from equation (2.1) that the evolution of SM fields (of a particular
fraction n) is determined by the advective transfer of SM along the trajectories of the
particles, the gravitational sedimentation of SM, turbulent diffusion, sedimentation of
SM, and the resuspension of bottom sediments depending on the conditions of
hydrodynamics (the structure of the flow field and the effect of water waves).
In the scheme of numerical integration of the system of equations (2.1), the
method of splitting by physical processes and spatial coordinates is used (Marchuk,
1988; Marchuk et al., 1987; Podgornyii, 2003; Samarskii, Vabishchevich, 1999a, b).
The general splitting scheme includes four stages of integration of the system (2.1). In
the first stage, the advective transfer equations for each of the isolated SM fractions
along the particle trajectories are solved on the time interval:

∂ Cn ∂ t + U ∂ Cn ∂ x + V ∂ Cn ∂ y = 0, n = 1,N

(2.4)

with the initial conditions C nk +1 4 (t k ) = C nk .
At the second stage, the equations describing the processes of gravitational
deposition of SM are solved in the same time interval:
(2.5)
∂ Cn ∂ t + (Ws )n ∂ Cn ∂ z = 0, n = 1,N
4
with the initial conditions Cnk _+2PM4 (t k ) = Cnk _+1PM
(t k + τ).

In the third stage, the equations of turbulent exchange of SM for each fraction n
are solved in the same time interval:

∂ Cn ∂ t = (Aη )n Δη (Cn ), n = 1, N

(2.6)

with the initial condition C nk +3 4 (t k ) = C nk + 2 4 (t k + τ) .
At the last (fourth) stage, for each selected fraction n, the system of equations is
solved that describes the local processes of sedimentation of SM and resuspension of
bottom sediments as well as the receipt of SM from point sources:

∂ Cn ∂ t = Fn (t , C1 , ..., Cn ), n = 1,N

(2.7)

with the initial condition C nk +1 (t k ) = C nk +3 4 (t k + τ).
To integrate the system of equations (2.7) which for each integer node of the grid
region describes the processes of deposition of SM (for each of the n isolated fractions),
the perturbation of the bottom sediments and the incoming of SM from distributed point
sources, the Runge-Kutta-4 method is used in the Gill modification. In accordance with
the accepted sequence of splitting of the initial problem, at the last stage at each inner
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point of the grid region, a system of equations is solved that describes the local
processes of changing the SM concentrations in water environment:

(

∂ Cn ∂ t = Fn (t , C1 , ..., Cn ), n = 1, N

)

(2.8)

(

)

with the initial condition C nk +1 (t k ) = C nk +3 4 (t k + τ). Values Cn n = 1, N at this point are

(

stored in the two-dimensional array Yn , m n = 1, N , m = 0,4

)

in which the initial

(

conditions are written in the form of the equation: Yn ,0 = Cnk +3 4 (t k + τ) n = 1, N

(

)

)

An auxiliary two-dimensional array is also used, Qn , m n = 1, N , m = 0,4 , in which

(

)

zero initial values are given: Qn , 0 = 0 n = 1, N , t0 = tk . At the beginning of the
calculation, a special set of coefficients is determined by this method: A1 = 0,5 ,

A2 = 1 − 0,5 , A3 = 1 + 0,5 , A4 = 1 6 , B1 = 2,0 , B2 = 1, B3 = 1, B4 = 2,0, C1 = 0,5 ,
C2 = 1 − 0,5 , C3 = 1 + 0,5 , C4 = 1 2 . Gill's procedure begins with setting the index

(

)

m = 1 . Next, value K n, m = Fn (tm −1, C1, m −1, ..., Cn, m −1 ) n = 1, N are calculated, as well as
values:
Yn ,m = Yn ,m −1 + (Am (τK n ,m − BmQn ,m −1 )),

(

)

Qn ,m = Qn ,m −1 + 3(Am (τK n ,m − BmQn ,m −1 )) − CmτK n ,m n = 1,N .

This procedure is repeated successively for values m = 2, 3, 4, starting with the
step K n , m . As the calculations are performed, tm values change in the following way:

t1 = t 0 + τ 2 = t k + τ 2 , t 2 = t 0 + τ 2 = t k + τ 2 , t 3 = t 0 + τ = t k + τ . At the end of this

(

)

process, consisting of four steps, the values Cn (t k + τ) n = 1, N will turn out to be

(

)

Yn , 4 n = 1, N .
Calculation of the rate of change in the SM concentrations in water due to the
processes of SM sedimentation, stirring up the bottom sediments and incoming of SM
into water from distributed point sources at each step τ in time is carried out in the
model according to the following general formula:

(

Rate(С n ) = − f sed U curr ;U wave
+ v PointSource

)(

Cn )W
sed

(

+ f ReSusp U curr ;U wave

e
( C n )PointSourc
sed

(

, n = 1, N

)

)(

B
Cn )sed

+

(2.9)

W

where (C n )sed – current values of the SM concentrations in water for each size fraction
B
PointSource
n; (Cn )sed
– current values of SM concentrations in the bottom sediment; (Cn )sed
–

values of SM concentrations incoming from distributed point sources; vPointSource –
velocity of intake of SM from point sources. Changes in SM concentrations in water for
each n-th isolated fraction depend on the flow velocity and the characteristics of water
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waves. This dependence is taken into account in the model by introducing terms

(

− fsed U curr ;U wave

)(

Cn )Wsed

(

and f ReSusp U curr ;U wave

)(

B
Cn )sed

in formula (2.9), which describe the

corresponding processes of SM sedimentation and resuspension of the bottom sediment.

(

)

The arguments of the functions f sed (U curr ;U wave ) and f ReSusp U curr ;U wave are the values
of U curr and U wave These values are the average vertical velocity of water flow and the
rate of variable flow initiated by water waves.
The velocities of the processes of SM sedimentation and the bottom sediment
resuspension depend on τ bottom – the tangential stress at the bottom (calculated by U curr

(

)

and U wave ). Write the functions f sed (U curr ;U wave ) and f ReSusp U curr ;U wave in a general
form (Marchuk, 1988; Marchuk et al., 1987; Podgornyi, 2003; Samarskii,
Vabishchevich, 1999a, b):

(

f sed U curr ;U wave

(

)

⎧(Ws )n = 0,
⎪
⎪
= ⎨
sed
⎪(Ws )n = U C n
⎪
⎩

f ReSusp U curr ;U wave

)

τbottom ≥ τCcritn _ sed ,
⎛
τbottom
⋅ ⎜1.0 − crit
⎜
τC n _ sed
⎝

(2.10)

⎞
⎟ , τbottom < τCcrit _ sed ;
n
⎟
⎠

⎧0,
τbottom ≤ τCcritn _ resusp ,
⎪⎪
= ⎨ resusp ⎛ τ
⎞
bottom
⎜
⎟, τbottom > τCcrit _ resusp ,
U
⋅
−
1
.
0
⎪ Cn ⎜ crit _ resusp
n
⎟
⎪⎩
⎝ τCn
⎠

(2.11)

where U Csed
, UCresusp
are the rate of SM sedimentation and stirring respectively for a
n
n

(

)

given layer of water n = 1, N ; τ Ccritn _ sed and τCcritn _ resusp – the critical values of the
tangential stress at the bottom, which determine the beginning of the SM sedimentation

(n = 1, N ) and the stirring up of the sediments (n = 1, N ) , respectively.
It follows from formulas (2.10) and (2.11) that the corresponding sedimentation
τ bottom
rates of a given SM fraction are a function of the ratio crit
	
   n = 1, N , and the
τ C n _ sed
disturbances of the bottom sediments are a function of the ratio

τ

(

)

τ

	
   n = 1, N .

bottom
crit _ resusp
Cn

(

)

Depending on the ratio τ bottom and critical values of the tangential stresses on the
bottom, for the n-th fraction of SM, either SM sedimentation or stirring up of the bottom
sediments may predominate.
Tangential stress τ bottom is calculated as a sum of stresses caused by the effects of
water flow and wind waves on the bottom of the water body (Chao et al., 2008; Davies,
Lawrence, 1994; Hipsey et al., 2006; Signell et al., 1990; Teeter et al., 2001):
curr
wave
(2.12)
τ bottom = τ bottom
+ τ bottom
.
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For calculation τ bottom , there are more complex nonlinear models (Glenn, Grant,
1987; Grant, Madsen, 1979; Stanev et al., 2009). In general, the tangential stress at the
bottom is determined by the dynamic velocity u* , due to both the water flow and
waves:
(2.13)

τ bottom = ρ wu*2 ,

where ρ w is the density of water. Taking into account (2.12), equation (2.13) looks like
this:

(

τbottom = ρ w ⋅ u*curr

) + (u ) ).
2

wave 2
*

(2.14)

In equation (2.14), u*curr and u*wave are the dynamic values of the velocity, due
respectively to the water flow and wind waves.
Next, the density of sea water ρ w (Tw , S ) (in kg / m3) is calculated for its salinity S
(in ‰) and temperature TW (in °С):

ρ w (Tw , S ) = ρ w (Tw ,0) + S (0.824439 − 4.0899 ⋅ 10 −3 Tw + 7.6438 ⋅ 10 −5 Tw2 −
− 8.2467 ⋅ 10 −7 Tw3 + 5.3875 ⋅ 10 −9 Tw4 ) +

(2.15)

+ S 3 2 (− 5.72466 ⋅ 10 −3 + 1.0227 ⋅ 10 −4 Tw − 1.6546 ⋅ 10 −6 Tw2 ) + 4.8314 ⋅ 10 −4 S 2 .
The formula (2.15) is applicable for the range S (0–42 ‰), and Tw – for the freezing
temperature of seawater (from S > 0 ‰) to 40 °C. The value Twf , °С, for the range S (1–
40 ‰) is calculated by the equation (Kester, 1974):

Twf = −0.0137 − 5.1990 ⋅ 10 −2 S − 7.225 ⋅ 10 −5 S 2 .

(2.16)

curr
For the parametrization τ bottom
according to the "hard wall law" of Karman-Prandtl,

(

we assume that u*curr

2

curr 2

) ~ (U ) . Taking this assumption into account, we write down

that
2

curr
τ bottom
= ρ wCD (U curr ) ,

(2.17)

where CD is the coefficient of resistance. When using a two-dimensional version of the
hydrodynamic module, U curr is considered as the average vertical velocity of water
displacement. In this case the value CD is calculated using the relation:
−2

!
! Z $$
CD = 0.16 ##1+ ln # 0 &&& ,
" ZW %%
"

(2.18)

where Z 0 is some average scale height of the protuberances of the bottom roughness;

Z w is the depth of water at the point of calculation. The average scale height Z 0 of the
bottom roughness is determined by the formula Z0 = D50 12 , where D50 is the
weighted average particle size dependent on the percentage contribution of particles of
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different type and particle size in the sediment layer in the water body (Stanev et al.,
2009).
wave
In shallow-water lakes, bays and lagoons, the shear stress τ bottom
under the action
of wind waves on the bottom of the water body is calculated on the basis of the linear
wave
theory of wave processes, and τ bottom
is assumed to be proportional to the square of the
maximum wave orbital velocity near the bottom (Jonsson, 1966; Luettich et al., 1990):
1
wave
max 2
(2.19)
τ bottom
= ρ w f wave U wave
,
2
where f wave is the coefficient of wave friction. For shallow water and linear wave

(

)

theory, the speed U wave of the orbital wave motion is calculated from the equation
(Shore protection…, 1984):
U wave =

πH wave
cos(kx − ωt ),
Twave sh (kZ w )

(2.20)

where H wave , Twave are the height and period of the wave respectively; k =
number, Lwave – wavelength; ω =

2π
– wave
Lwave

2π
– angular frequency. The maximum value
Twave

max
of the speed of the orbital wave motion is achieved when cos(kx − ωt ) = 1 or
U wave

provided that kx − ωt = 0 . Then from equation (2.20) we obtain that
max
U wave
=

πH wave
.
Twave sh(kZ w )

(2.21)

max
The final expression for the calculation of U wave
is obtained by substituting in

(2.21) expression for calculating the wave number:
πH wave
max
(2.22)
U wave
=
.
⎛ 2πZ w ⎞
⎟⎟
Twave sh⎜⎜
⎝ Lwave ⎠
The length, height and period of the wave are unknown quantities in equation
(2.22). For shallow water bodies, the ratio Z w Lwave < 1 25 is fair. Therefore, the height
and period of the wind wave for the conditions of "shallow water" is found from the
expressions (Shore protection…, 1984):

H wave
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⎛
gFwind
⎜ 0.00565 ⋅
2
wind 2
⎜
U zwind
U z =10
=10
= 0.283
th(ξ )th⎜
g
th(ξ )
⎜
⎜
⎝

(

)

(

)

⎞
⎟
⎟
⎟ ,
⎟
⎟
⎠

(2.23)
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Twave

U zwind
= 7.54 =10
g

⎛
gFwind
⎜ 0.0379 ⋅ 3
2
⎜
(
U zwind
=10 )
th(ζ )th⎜
th(ζ )
⎜
⎜⎜
⎝

⎞
⎟
⎟
⎟ ,
⎟
⎟⎟
⎠

(2.24)

where

⎛ gZ
w
ξ = 0.53⎜
⎜ U wind
⎝ z =10

(

⎞
⎟
2 ⎟
⎠

)

34

,

(2.25)

38

⎛ gZ
⎞
w
⎟ ,
(2.26)
ζ = 0.833⎜
⎜ U wind 2 ⎟
⎝ z =10 ⎠
2
where g – acceleration of gravity, m/s ; Fwind – length of wind acceleration (m); U zwind
–
=10

(

)

wind speed at a height of 10 m above the surface of the water (m/s). The height of the
wave in this calculation is expressed in meters, and the wave period in seconds.
For the calculation, we will use the approximation from (Shore protection…,
1984):
2
⎛ ⎛ 2π ⎞2 Z ⎞
g ⋅ Twave
⎟ w ⎟ .
(2.27)
Lwave ≈
th⎜ ⎜⎜
⎜ ⎝ Twave ⎟⎠ g ⎟
2π
⎝
⎠
It was shown that the maximum error of approximation (2.27) can reach 5 % (Shore
protection…, 1984). The maximum error in the computations Lwave takes place when

the ratio (2πZ w ) Lwave is about 1.0.
The expression for calculating the coefficient of wave friction for an uneven
(rough) bottom can be written in a general form (Stanev et al., 2009):
−βʹ′w

⎛ A ⎞
(2.28)
f
= αʹ′w ⎜⎜ wave ⎟⎟ ,
k
⎝ s ⎠
where α ʹ′w and βʹ′w are empirical coefficients; Awave is wave amplitude (m); k s is
rough _ bed
wave

characteristic roughness scale (m), (k s = 2.5D50 ). Thus, the ratio Awave ks determines
the relative roughness of the bottom. In the calculations, as the first approximation, the
following values of the empirical coefficients α ʹ′w and βʹ′w can be used (Stanev et al.,
2009): αʹ′w = 0.237 and βʹ′w = 0.52 . However, for specific conditions of a particular
water body at the stage of parametric adjustment of the model, the values of these
coefficients will need to be clarified.
Taking into account relation (2.22), the amplitude of the wind wave for the
"shallow water" conditions is calculated from the following equation:
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Awave =

H wave
.
⎛ 2πZ w ⎞
⎟⎟
2sh⎜⎜
⎝ Lwave ⎠

(2.29)

The values of height and wavelength are calculated from equations (2.23) and (2.27).
In the modeling practice, other ratios are used to calculate the coefficient of wave
friction for an uneven (rough) bottom. They can be written in a general form:

⎛ ⎛ A ⎞ −βʹ′wʹ′
⎞
(2.30)
f
= exp⎜ α ʹ′wʹ′ ⎜⎜ wave ⎟⎟ − γ ʹ′wʹ′ ⎟ ,
⎜ ⎝ k s ⎠
⎟
⎝
⎠
where α ʹ′wʹ′ , βʹ′wʹ′ , γ ʹ′wʹ′ are empirical coefficients. For example, when calculating the values
rough _ bed
wave

rough _ bed
ʹ′ʹ′
ʹ′ʹ′
ʹ′ʹ′
f wave
, the following values ( α w = 5.5 , β w = 0.2 , γ w = 6.3) were obtained for the

Baltic Sea conditions (Jönsson, 2005) and ( αʹ′wʹ′ = 5.213 αʹ′wʹ′ = 5.213 αʹ′wʹ′ = 5.213

αʹ′wʹ′ = 5.213 αʹ′wʹ′ = 5.213 αʹ′wʹ′ = 5.213 , βʹ′wʹ′ = 0.194 , γ ʹ′wʹ′ = 5.977 ) for the CAEDYM model
(Hipsey et al., 2006).
Since there are no universal computational dependencies for computation of
rough _ bed
, the use of equations (2.28) and (2.30) should be provided for the model.
f wave
If the bottom is smooth, then in this case Awave ks → ∞ , and the value of the
coefficient of wave friction f wave will depend only on the regimes of water flow
(laminar, turbulent or intermediate). In some cases, the intermediate regime is not
considered (Stanev et al., 2009).
The expression for calculating the coefficient of wave friction for a smooth
bottom can be written in the general form:
− Nw

smooth _ bed
f wave
= M w (Rew )

,

(2.31)

where M w and N w are empirical coefficients; Rew – the Reynolds number for the wave
motion of water, it is calculated from equation

Rew =

max
U wave
Awave
,
ν w (Tw , S )

(2.32)

where ν w (Tw , S ) – coefficient of kinematic viscosity of water, m2/sec, depending on it

Tw and S w .
smooth _ bed
In a number of studies for the Baltic Sea, the calculation of the values f wave

for a smooth bottom was carried out for the corresponding flow regime (Jönsson, 2005;
Nielsen, 1992):
⎯ if Re w ≤ 3.0 ×10 5 (laminar flow regime), then MW = 2.0, NW = 0.5 and then
smooth _ bed
f wave
= 2.0
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Rew ;

	
  

(2.33)
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⎯ if

(intermediate flow regime), then a linear

3.0 × 105 < Rew < 1.0 × 10 6

smooth _ bed
approximation of the dependence of the coefficient f wave
on the number

Rew was used:
smooth _ bed
f wave
= 3.34 ⋅ 10 −3 + 1.05 ⋅ 10 −9 Rew ;

(2.34)
⎯ if Rew ≥ 1.0 × 10 (turbulent flow regime), then M w = 0.024 , N w = 0.123 , and
6

smooth _ bed
then f wave
= 0.024 Rew

−0.123

.

(2.35)

smooth _ bed
Since there are no universal dependencies for computation of values f wave
(as
rough _ bed
for f wave
), in the SM-model and its software implementation it is necessary to
smooth _ bed
envisage the use of different methods for estimating the values of f wave
and their

possible refinement at the stage of parametric adjustment of the model.
The value of the coefficient of kinematic viscosity ν w (Tw , S ), in m2 / s, in formula
(2.32) is calculated as a function of ν w (Tw , S ) and S w through the dynamic viscosity

µ w (Tw , S )
ν w (Tw , S ) =

µ w (Tw , S )
.
ρw (Tw , S )

(2.36)

The changes S w and pressures, unlike Tw , have a negligible effect on the changes
in the values µ w (Tw , S ) (Neumann, Pierson, 1966), and instead of µ w (Tw , S ) in the
formula (2.36), one can use the value µ w (Tw ,0) without significant loss of accuracy.
Thus, the calculation of ν w (Tw , S ) is carried out according to the following formula:
ν w (Tw , S ) =

µ w (Tw ,0)
.
ρ w (Tw , S )

(2.37)

To calculate the density of water, the formula (2.15) is used. Values of dynamic
viscosity, in kg/(m×sec), are calculated depending on the absolute value Tw (Twa ) ,

Twa = Tw + 273.15 according to (Reid et al., 1987):

(

)

µ w (Tw ,0) = 10 −3 exp − 24.71 + 4.209 ⋅ 103 Twa−1 + 4.527 ⋅ 10 −2 Twa − 3.376 ⋅ 10 −5 Twa2 .

(2.38)

To estimate the coefficient of horizontal turbulent exchange K T and the horizontal

( )

turbulent diffusion coefficient Aη

for the size fraction n, we used the well-known

n

Smagorinsky parametrization (Ryzhin, 1986; Klevanny, Smirnova, 2009; Matishov et
al., 2009; Klevanny et al., 2001; Smagorinsky, 1963):

(K ; (A ) ) = α((Δs ) (Δs ) )
T

η n

x

y

2

2

2

⎛ ∂V ⎞
⎛ ∂U ⎞ ⎛ ∂U ∂V ⎞
⎟⎟ + 2⎜⎜
⎟⎟ ,
2⎜
+
⎟ + ⎜⎜
⎝ ∂x ⎠ ⎝ ∂y ∂x ⎠
⎝ ∂y ⎠

(2.39)
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where

(Δs )x , (Δs ) y

– are the grid steps for the spatial coordinates OX and OY,

respectively; coefficient α = 0.25 − 1.0

in the calculation of

K T values and

α = 0.1 − 0.3 in the calculation of (Aη )n values. To calculate the values of the spatial
derivatives ∂U ∂x , ∂U ∂y , ∂V ∂x , ∂V ∂y , the central difference approximation was
applied.
As follows from formulas (2.10) and (2.11), the SM sedimentation and the stirring
up of the bottom sediment will only develop if the tangential stress at the bottom of the
water body τbottom is either less τCcritn _ sed or greater τCcritn _ resusp , respectively. Critical values
of τCcritn _ sed and τCcritn _ resusp vary within fairly wide limits and should be selected according
to the calibration results of the models used to study sediment transport processes in
lakes, coastal zones of the seas and sea bays. Existing studies and modeling experience
show that the values of τCcritn _ sed vary in the range 0.0–0.18 N/m2 (N is a force in
Newton) and the values of τCcritn _ resusp are 0.009–0.25 N/m2 (Chao et al., 2008; Hamilton,
Mitchell, 1996; Lou et al., 2000; Mehta, Partheniades, 1975; Ziegler, Nisbet, 1995).
curr
We estimate the value of τbottom
approximately from (2.17). In dredging areas, the
depth is usually 10–30 m, so the contribution of this particular term in the equation
(2.12) in the calculation τbottom will be decisive. Since the average height Z 0 of the
roughness protrusions of the bottom is 3.5×10–5 m, the average depth in the work area is
20 m, the water density is 1000 kg/m3 and the flow velocity is 0.1 m/sec, we obtain the
value of the resistance coefficient CD :
⎛
⎛ Z ⎞ ⎞
CD = 0.16⎜⎜1 + ln⎜⎜ 0 ⎟⎟ ⎟⎟
⎝ Z w ⎠ ⎠
⎝

−2

⎛
⎛ 3.5 ⋅ 10 − 5 ⎞ ⎞
⎟⎟ ⎟⎟
= 0.16⎜⎜1 + ln⎜⎜
20
.
0
⎝
⎠ ⎠
⎝

−2

= 0.0071,

and the value of the tangential stress at the bottom, caused by the movement of water –

(

2

)

2
2
curr
τbottom
= ρwCD U curr = 0.0071 ⋅103 ⋅ (0.1) ≈ 0.071 N/m .

To assess the impact of dredging on the state of the environment, as well as the
role of SM in biogeochemical processes in aquatic ecosystems, it is sometimes
important to take into account the flocculation effect (Lisitsyn, 1994; Mikkelsen,
Pejrup, 2000; Hill, 1998; Smith, Friedrichs, 2011; Winterwerp, 2002). The results of
observations show that a fraction of the vertical mass flow of SM can occur to the share
of micro- and macrofloccules (sometimes up to 50-80 %) (Smith, Friedrichs, 2011). An
increase in either size (flocculation) or particle density leads to an increase in the rate of
precipitation. As a result, the time of turbidity spot existence decreases and the
concentration of SM in water decreases, as well as the distance covered by the turbidity
spot under the influence of advective transport.
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The settling velocity of particles is determined by the balance of gravitational
forces, buoyancy effects and medium resistance. These forces depend both on the
properties of the fluid (its density, viscosity) and on the properties of the particles (their
density, size, shape, degree of porosity). According to the Stokes law (valid only for
small Reynolds numbers

((Re ) = ((W ) ⋅ D ) ν
p n

s n

n

w

)

, n = 1,N and spherical particles), the

settling velocity of particles is determined by the equation:

(
(ρs )n − ρw )gDn2
(Ws )n =
, n = 1,N ,
18µ w

(2.40)

where D n is the characteristic particle diameter for the n -th fraction; g – acceleration
of gravity; (ρs )n – density of particles of suspension for the n -th fraction; ρ w – density
of water; µ w – dynamic viscosity of water. In many studies it was noted that for large
particles that have a high deposition rate, application of formula (2.40) is illegal
(Raudkivi, 1998; Schlichting, Gersten, 2000; Soulsby, 1997; Ten Brinke, 1994;
Winterwerp, 1998; 2002). Therefore, a modification of the Stokes formula is required in
order that it can be used not only for small but also for large Reynolds numbers.
In natural waters, two main groups of floccula are distinguished according to their
characteristic sizes: micro- and macrofloccules (Eisma, 1986). Microflocculess have
sizes up to 125 microns, and macroflocculles are larger aggregates with maximum
flocculus sizes up to 3–4 mm. Microfloccules usually consist of mineral particles, as
well as organic substances of different nature and chemical composition.
Macrofloccules are formed by aggregation of microfloccules in an aqueous
environment.
The process of flocculation is a complex physicochemical process, depending on a
variety of factors (Lisitsyn, 1994; Winterwerp, 1998, 2002). For natural waters, the
impact of turbulent exchange is of primary importance, which in a certain range of its
intensity leads to an increase in the frequency of collisions of particles, as a result of
which the rate of formation of floccules also increases. However, with considerable
turbulence, the reverse process (the destruction of floccules) is often observed. In highly
eutrophic (highly productive) waters, the rate of flocculation can be affected by
biological factors, in particular, metabolic excretions of organisms (as example, mucus
formation) that envelop particles of SM and glue them into larger particles (Ayukai,
Wolanski, 1997; Eisma, 1986; Fugate, Friedrichs, 2003; Van der Lee, 2000). Thus, it
can be concluded that, other things being equal to physical conditions and sufficiently
long intervals of time, with increasing biological activity of natural waters, the rate of
flocculation can also increase and, as a consequence, the particle deposition rate will be
higher (Smith, Friedrichs, 2011).
In most studies on the influence of turbulent exchange on the settling velocity of
SM, ratios have been obtained that contain a large number of empirical coefficients, the
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values of which, as a rule, are unknown. Therefore, such calculated dependencies are of
little use for practical use. It is necessary to apply low-parameter relations and models
that allow experimental verification.
Let us introduce the turbulence energy dissipation parameter G (Winterwerp,
1998, 2002):

G = ε ν w = ν w λ20 ,

(2.41)

where λ0 is the Kolmogorov scale for turbulence; ε – the average dissipation rate of
turbulent kinetic energy per the unit of mass. Typical values λ 0 for estuary zones are
102–103 microns (depending on the depth and speed of water flow). For the calculation
G, the following formula is applied (Manning, 2004):
(2.42)

G = u*3 (kwν w z ),

in which u* is the dynamic speed due to both the flow of water and wave motion; k w –
the von Karman’ constant; z – is the distance from the bottom.
An empirical dependence was obtained in (Van Leussen, 1994), which makes it
possible to calculate the sedimentation rate of suspended particles from the turbulent
exchange characteristic, in terms of the turbulent energy dissipation parameter G:
(2.43)
(Ws )n = (Ws ,0 )n 1 + aG2 , n = 1,N ,
1 + bG
where (Ws )n is the actual sedimentation rate of particles of each size fraction of SM in
the presence of turbulence; (Ws ,0 )n – settling rate at a value G = 0 ; a , b – are
empirical constants. The settling rate (Ws ,0 )n – is an important parameter in calculating
the concentration of SM in water. The value of (Ws ,0 )n can be calculated from the
equation (Amoundry, 2008):

(Ws ,0 )n = 4((ρs )n

ρw − 1)gDn
, n = 1, N ,
3 CDs n

( )

(2.44)

where (C Ds )n is the coefficient of resistance for spherical particles for each size fraction

(Re ) .
SM (W )

of SM, depending on the Reynolds number
approximate average sedimentation rate of

p n

s ,0 n

In a number of cases, the
is calculated in a simplified

manner, using only data on the granulometric composition of the transported sediments
(Methodical guidelines…, 2003).
There are two most common approximations that are used in calculating the drag
coefficient (C Ds )n , n = 1,N for particles of spherical shape (Graf, 1971, Raudkivi, 1998):

(C ) = (Re24 ) (1 + 0.15(Re ) ),
s
D n

p n

126	
  

0.687
p n

(2.45)
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(C ) = (Re24 ) ⎛⎜1 + 163 (Re ) ⎞⎟ .
⎝
⎠
s
D n

p n

p n

(2.46)

The relation (2.45) is applicable for (Re p ) < 800 , and the relation (2.46) is for
n

(Re )

p n

≤ 2.0 .

There is another empirical dependence for calculating (Ws ,0 )n (Soulsby, 1997):

(Ws ,0 )n = ν w ⎛⎜⎝
Dn

where (D* )n = 3 g (ρs )n

((ρ

w

3
10.36 2 + 1.049(D* )n − 10.36 ⎞⎟ , n = 1,N ,
⎠

(2.47)

)

− 1)ν 2w Dn . The formula (2.47) was obtained in (Soulsby,

1997) on the basis of experiments on precipitation of sand particles. It does not take into
account the influence of form and permeability of particles (degree of its porosity) on
the deposition rate. It is established that its application consistent with the data of field
measurements for a wide range of Reynolds number values (Re p )n . At small values of

(Re )
(Re )

p n
p n

the equation (2.47) becomes Stokes' formula (2.40), and for more high values
it becomes close to the approximation (2.44) at the condition that the resistance

coefficient is calculated from the ratio (2.45).
In flocculation models, floccules are usually considered as self-similar fractal (or
fractional-dimensional) particles (Kranenburg, 1994). To obtain the corresponding
computational equations, fractal theory is used (Amoundry, 2008; Kranenburg, 1994;
Winterwerp, 1998, 2002). It is assumed that the settling velocity of particles is a
function of the characteristic size of the floccules (their projective diameter D) and the
density differential Δρ f (or the excess density of the floccula with respect to the water
density). Usually in the calculations for simplicity it is assumed that D = D50 , and
typical values of Δρ f due to the flocculation effect vary within 50–300 kg/m3
(Winterwerp, 1998).
The distribution of aggregated particles by size can be described by a distribution
function – just as they do when specifying the initial granulometric composition of SM.
In this model, to simplify the problem, the distribution of floccules throughout the
possible size spectrum will not be taken into account, and the so-called equilibrium
flocculum size De , which is essentially close to the average (median) particle size ( D50 )
of the SM (depends on the percentage contribution of particles of different type/size ).
The formation of aggregated particles with a characteristic size De depends on the
current balance of many forces and environmental factors that determine flocculation
and the establishment of a certain dynamic equilibrium between the processes of
formation and destruction of floccules.

127

K.A. Podgornyi, A.V. Leonov 	
  
It was shown in (Kranenburg, 1994) that Δρ f is possible to relate to the initial
characteristic diameter of suspended particles before the beginning of the flocculation
process, as well as to the fractal dimension of the particles, by the following equation:
3− n f

⎛ D ⎞
,
(2.48)
Δρ f = ρ f − ρ w ~ (ρs − ρ w )⎜⎜ p ⎟⎟
⎝ D ⎠
where ρ f is the density of the floccules; ρ w is density of water; ρ s is the characteristic
density of the suspension, which depends on its granulometric composition and physical
characteristics. The fractal dimension n f of the floccules varies from 1.4 to 2.2
(Winterwerp, 1998). For spherical dense particles n f = 3 .
The expression for the calculation of the settling velocity of floccules (Ws ) f can
be obtained from the balance equation for the gravitational sedimentation of slurry and
the drag force Fd :

π 3
(2.49)
D Δρ f g ,
6
1 π
(2.50)
Fd = β f CDs f ρw D 2 (Ws ) f ,
2 4
where α f , β f are empirical coefficients (their values depend on the degree of particle
Fg = α f

( )

( )

sphericity); C Ds

f

is resistance coefficient for settling floccules. In further calculations,

( )

for the approximation of C Ds

f

in the calculations, the equation (2.45) will be used.

To calculate the settling rate of floccules (Ws ) f from (2.48)–(2.50), we obtain
(Winterwerp, 1998):

(Ws ) f

=

αf
18β f

(ρs − ρw )g D3− n
µw

p

n −1

f

D f
.
0.687
1 + 0.15(Re ) f

(2.51)

For dense particles of spherical shape α f = β f = 1 and n f = 3 . If then (Re ) f << 1, then
equation (2.51) describes the settling of suspended particles in accordance with the
Stokes law (2.40). For particles-floccul > 100 µm, it can be assumed that n f = 2
(Winterwerp, 1998). Then it follows from equation (2.51) that (Ws ) f ~ D .
The use of equation (2.51) is complicated by the fact that for calculations it is
necessary to know the characteristic size of floccules D. Thus, an additional problem
arises: the construction of a model that describes the process of formation and
destruction of floccules in a turbulent flow of a liquid and allows one to calculate the
rate of change in the size of floccules at different intensities of turbulent exchange in
water.
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In (Levich, 1962), by integrating the diffusion equation within a finite volume
much larger λ30 , an expression for the velocity process of particle flocculation in a
turbulent flow characterized by the turbulent energy dissipation parameter G:

dn f
dt

= −1.5e f πed GD 3nsf2 ,

(2.52)

where n sf is the number of particles (flocculum) per unit volume of fluid; t – time; e f –
flocculation efficiency parameter (takes into account that not all collisions of particles
will result in the formation of floccules); ed – the parameter of the efficiency of the
diffusion process. The parameter e f is a function of the physico-chemical properties of
SM and water, as well as the properties of organic compounds that are contained in the
SM. Equation (2.52) is used in most studies of the flocculation process presented in the
literature.
The relationship between bulk φ f and mass c f concentrations, as well as
between φ f and the number of aggregated particles n sf per unit volume, is reflected by
the equation (Winterwerp, 1998).
⎛ ρ − ρw ⎞ c f
⎟ = θ f n f D3 ,
φ f = ⎜ s
⎜ ρ − ρ ⎟ ρ
w ⎠ s
⎝ f
where θ f is the particle shape factor. For spherical particles θ f = π 6 .

(2.53)

The rate of formation and growth of floccules can be estimated from equations
(2.48) and (2.53). If we assume that for a certain period of time Δt the initial number of
particles n sf per unit volume of water and mass concentration c f are constant values,
then we can estimate the value dn sf dD :

dnsf
dD

=−

c f nsf
ρs θ f

n −3

Dp f D

− n f −1

.

From (2.53) and (2.54) we obtain that
dnsf dnsf dD
c n
n − 3 − n −1 dD
.
=
= − f sf Dp f D f
dt
dD dt
ρs θ f
dt

(2.54)

(2.55)

Then from (2.52) and (2.55) we find that the rate of formation and growth of the size of
floccules at different intensities of turbulent exchange in water can be determined by
solving a first-order differential equation:
dD 3 e f πed c f
n −3 4 − n
4−n
(2.56)
=
GDp f D f = k Ac f GD f ,
dt 2 θ f nsf ρs
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n −3
Dp f
3 e f πed
3 e f πed 1 n f − 3
where k A =
; and k ʹ′A =
is an empirical parameter.
D p = k ʹ′A
2 θf
2 θ f nsf ρs
nsf ρs

The rate of destruction of floccula, depending on the intensity of turbulent exchange, is
described by the following differential equation (Winterwerp, 1998):
dD
q +1
2 q +1
p
(2.57)
= −k BG f D − D p f D f .
dt
In (2.57), the values of the empirical parameters p f , q f and k B can be derived from

(

)

field and/or experimental observations. Thus, equations (2.56) and (2.57) describe the
process of formation and destruction of floccules in a turbulent flow of a liquid and
allow one to calculate the rate of change of their size for different intensity of turbulent
exchange in water. General view of the corresponding flocculation model (Winterwerp,
1998):
dD
4−n
q +1
2 q +1
p
(2.58)
= k Ac f GD f − k BG f D − Dp f D f .
dt
To simplify the calculations using equation (2.58) and in accordance with the
results from (Winterwerp, 1998), we assume that the average fractal dimension n f = 2 .

(

)

In this case p f = 1. In a state close to the dynamic equilibrium, q f = 0.5 (Winterwerp,
1998). On the basis of these simplifying assumptions, from (2.58) we obtain that
dD
(2.59)
= k Ac f GD 2 − k BG 3 2 D − Dp D 2 .
dt
As shown by the estimates obtained from field observations and laboratory experiments,

(

)

the values are k A ≈ 14.6 m2/kg, and kB ≈ 14.0 ⋅ 103 c1/2/m2.
It follows from (2.59) that for small values D the formation of floccules will
dominate, and for sufficiently large D – the reverse process of their destruction will
dominate. It should also be borne in mind that the direction of a process depends on the
current intensity of turbulent exchange. Equation (2.59) can be easily solved
analytically on the assumption that for some time interval (usually this is a step in time)
the value of mass concentration c f is a constant value.
If the processes of formation and destruction of floccules are in a state of dynamic
equilibrium, then dD dt = 0 and one can obtain an expression for estimating the
equilibrium size of floccules De :

k Ac f

.
(2.60)
kB G
Then from (2.51) with the aid of (2.60) we obtain the relation for calculating the
equilibrium deposition rate of floccules:

De = Dp +
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n f −1

(Ws ) f,e =

αf
18β f

(ρs − ρw )g D3− n
µw

f

p

⎛
k c ⎞
⎜ D p + A f ⎟
⎜
k B G ⎟⎠
⎝
0.687
1 + 0.15(Re ) f

(2.61)

Assuming that the mean fractal dimension n f = 2 , from (2.61) we find that

(Ws ) f,e

⎛
k c ⎞
⎜ Dp + A f ⎟
⎜
α (ρs − ρw )g
k B G ⎟⎠
.
= f
Dp ⎝
0.687
18β f
µw
1 + 0.15(Re ) f

(2.62)

Equation (2.62) makes it possible to calculate the equilibrium rate of floccules
deposition depending on a number of properties of water and SM: the initial
characteristic diameter D p of suspended particles before the flocculation process
begins; intensity of turbulent exchange in water; characteristic suspension density ρ s
(depends on its granulometric composition and physical characteristics); the density
differential Δρ = ρs − ρw ; dynamic viscosity of water µ w ; Reynolds number.
Thus, if the flocculation effect is not considered in modeling the propagation of
SM, then formulas (2.43) and (2.44) should be used for calculating the rate of their
deposition for each size fraction of SM. The question of whether or not to include in the
calculations the effect of flocculation of SM should be addressed separately on the basis
of additional field and/or laboratory studies of the physico-chemical properties of
bottom sediments. In particular, with their help it is necessary to determine which
fractions of the initial composition of SM can potentially be subjected to the process of
flocculation. Then, in the simulation for this part of SM, the rate of deposition of
floccules will be calculated using formula (2.62), and for each of the remaining size
fractions – according to formulas (2.43) and (2.44).
Сonclusions
A mathematical model is developed for studying in the natural conditions the
processes of propagation of SM in marine coastal areas and ecosystems of sea bays,
lagoons and estuaries of rivers. It can also be used to quantify the formation of spots of
additional turbidity of water in dredging and any other works in which some external
mechanical effect on bottom sediment is expected. In this case, zones of additional
turbidity of water are formed as a result of the formation of SM at the sites of such
operations and the subsequent spread of SM along the water area in this and adjacent
areas. The developed model calculates various indicators that quantify certain structural
and functional features of the state of aquatic ecosystems and their spatial and temporal
dynamics, and also reflect the degree of disturbance of the natural state of the marine
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environment as the habitat of aquatic biological resources. Such data should be provided
to different monitoring bodies when passing the expertise for the AEEP.
Depending on the task being performed, this model will use additional blocks: a
biohydrochemical block of the simulation model of the aquatic ecosystem (for example,
as in (Leonov, 2008; Podgornyi, Leonov, 2013a,b) will be required to study the
processes of biochemical transformation of SM and DOM. For a simpler task of
describing the formation of zones of additional turbidity of water during dredging, it is
sufficient to use the model block, the propagation of a conservative SM in water. At the
same time, a specific technological scheme of dredging and other works should be taken
into account. As a rule, SM is represented by organic and mineral fractions in the
aqueous medium, therefore it is necessary to take into account all the most important
sources of their intake and correctly mathematically formalize the intraspecific
processes of substance transformation (take into account the possible external load on
the aquatic environment, wind and hydrodynamic effects on bottom sediment,
precipitation processes, and resuspension of bottom sediment, and also flocculation
processes). In each case, the significance of the processes is individual and it can be
estimated when forming the structure of additional model blocks and based on the
results of model calculations.
The proposed numerical model considers the modified system of Saint-Venant's
equations (the theory of shallow water) for the description of hydrodynamics and
circulation of water streams with given boundary conditions – nonflow (or zero normal
component of the average velocity over the depth) on the solid contour, radiation on the
liquid boundary and energy in the river sections. As the initial ones, the state of rest
(zero values of velocities and level) was used. For the numerical solution of the
modified Saint-Venant system of equations, an implicit difference scheme using
alternating directions is used.
At the second stage, the equations of advection and turbulent diffusion are
considered in modeling the processes of formation and propagation of SM in the coastal
region under consideration. Boundary and initial conditions are formulated depending
on the features of the water body, the tasks assigned and the availability of
observational data. The scheme of numerical integration of the initial system of
equations of advection and turbulent diffusion is based on the method of splitting by
physical processes and spatial coordinates (includes 4 stages – with successive solution
of advection equations, gravitational deposition of SM, turbulent exchange of SM and
local processes of sedimentation of SM, from point and other sources).
Examples of formalization of empirical functions that determine the influence of
important factors depending on environmental conditions and the dominance of
individual processes associated with the redistribution of SM between the water
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environment and bottom sediment are given. A number of parameters can be used to
calculate the use of different empirical formulas.
To estimate the coefficients of horizontal turbulent exchange and turbulent
diffusion, the Smagorinsky parametrization (where one parameter is tuned) is used. In
the calculation of spatial derivatives, the central-difference approximation is applied. To
calculate the characteristics of turbulence (for example, the kinetic energy of turbulence
and the rate of its dissipation) it is required to solve the corresponding nonlinear system
of differential equations. The problem of comparing different models of turbulent
exchange and the results of modeling with each other and with the data of field
observations remains urgent, and additional studies are required for this.
To assess the impact of dredging on the state of the environment and the role of
SM in biohydochemical processes in aquatic ecosystems of marine coastal areas, in
zones of mixing sea and fresh water, flocculation should be taken into account in a
number of cases. It is associated with the coalescence of particles of SM and, as a
consequence, its rapid precipitation. A relationship is obtained for calculating the
sedimentation rate of each size fraction of SM, as well as the equilibrium deposition rate
of floccules depending on the properties of water, suspension, and intensity of turbulent
exchange. With the obtained relations and the developed mathematical model,
comprehensive study is possible with quantitative calculation of the transformation rates
and spatio-temporal dynamics of SM in highly productive aquatic ecosystems and also
in river-sea interaction zones on the so-called "marginal filters" sections.
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Рассмотрена методика разработки математической модели для изучения
распределения концентраций взвешенного вещества в прибрежных морских
акваториях. Эта модель оценивает последствия дноуглубительных работ (нарушений
естественного состояния морской среды для биоресурсов), она воспроизводит
образование взвешенного вещества и его последующий перенос в водной среде в
мелководных морских заливах и морских прибрежных акваториях. Эта задача
решается в два основных этапа: сначала проводится численное интегрирование
системы уравнений гидродинамики (уравнений теории «мелкой воды») и
определяются значения средних по глубине составляющих скорости течения; и на
втором этапе – интегрируется система уравнений турбулентной диффузии,
учитываются процессы седиментации взвешенного вещества, взмучивания донных
отложений, поступления взвеси из распределенных точечных источников, их
перераспределения в водной среде и накопления остаточных количеств на дне.

Ключевые слова: уравнения теории мелкой воды; система уравнений адвекции и
турбулентной диффузии; начальные и граничные условия
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