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B paGote paccmarpuBaeTcst MOTEHIIMAIBHOE IBI)KEHUE UJICATbHON HEC)KMMAEeMOU
KHJIKOCTH CO CBOOO/IHOM MOBEPXHOCTHIO U OECKOHEUHOM TITyOMHOM B IBYX M3MEPEHHSIX
B I10JIE TSKECTU U C TIOBEPXHOCTHBIM HATS)KEHUEM.

PaccmarpuBaercs 3aBucsinee OT BpeMeHU KOHPOPMHOE 0TOOpaXkeHue z(W, {) HIK-
HEll KOMIUJIEKCHOM MOJTyTUIOCKOCTH IEPEMEHHON W B 00J1aCTh, 3aII0JTHEHHYO )KUIKOCTHIO,
rJe AeWCTBUTENIbHAsE OCh W OTOOpa)kaeTcsi Ha MOBEPXHOCTh CBOOOIHON JKUIAKOCTH. MBI
M3y4yaeM JUHAMUKY 0COOEHHOCTEH Kak z(W, f), TaK 1 KOMIUIEKCHOTO TTOTEHITHAIA KUTKO-
ctu [1(w, {) B BepXHel KOMIUIEKCHOH IMOIYTUIOCKOCTH W. MBI iepeopMyIupyemM TOUHYIO
SUJIEPOBY AMHAMHUKY Yepe3 HEKaHOHWYECKYIO HEJIOKAJIbHYI0 [ aMUIBTOHOBY CTPYKTYpPY
JUISL TTapbl TAMUJIBTOHOBBIX MEPEMEHHBIX (/bsUeHKO U JIp., B Me4YaTh) — MHUMas 4acTh
z(w, t) u geicTBuTENbHAS YacTh [/(w, ¢) 3ajaHbl HA CBOOOIHON TOBEPXHOCTHU KUIKOCTH.

CootBerctByromas ckobka ITyaccona He BBIpOXk€HA, TO €CTh OHA HE MUMEET WH-
BapuanToB Kazumupa. JItoObie nBa dyHKIIMOHANMA KOH(GOPMHOTO OTOOpAKEHHUS KOMMY-
TUPYIOT OTHOCUTENbHO cKkoOku Ilyaccona. HoBast ['amuinbsroHOBa CTpyKTypa SIBIsieTCA
0000111eHueM KaHOHUYECKOM ["aMUIIbTOHOBOM cTpYKTYpHI (3axapoB, 1968) (cnpaBeanusa
TOJIBKO ISl PEILICHUH, JIJIsl KOTOPBIX €CTeCTBEHHAs MapaMeTpu3alis MOBEPXHOCTH OJJHO-
3HA4YHA, TO €CTh KaXJ10€ 3HAYC€HHE TOPU30HTAIIBHON KOOPIANHATHI COOTBETCTBYET TOIBKO
OJIHOH TOYKe Ha cBOOOIHOM MOBEepXHOCTH). HanpoTuB, HOBbIE HEKAHOHUYECKUE FAMUJIIb-
TOHOBBI YpaBHEHUS CIIPABEIMBBI JUIsl IPOU3BOJIbHBIX HEJIMHEHHBIX pelIeHUH (BKIIIOYast
MHOTO3HAYHYI0 €CTECTBEHHYIO MapaMeTpHU3aIHI0 MOBEPXHOCTH) U SKBUBAJIEHTHBI ypaB-
HEHHUSIM Duepa.

MpI Takke paccmMarpuBaeM 00OOILEHHYIO THAPOAMHAMUKY C JOMOJHUTEIbHBIMU
(¢u3nYecKNMH 4ieHaMH B TaMIJIBTOHHAHE M B ypaBHEHMsIX Jiniepa, kak B (JlymHukos
u 3ybapes, 2018), koTopbsle MOTYT ObITh YHPOILEHBI U KOTOPbIE MO3BOJMWIN HATH 00-
M€ KIJAcChl YaCTHBIX pelieHui. B DinepoBoM ciydae Mbl MOKa3aJid CYIIECTBOBAHUE
PEIIEHHs C POU3BOJILHBIM KOHEYHBIM YHMCIIOM N M3 KOMIUIEKCHBIX TIOJIOCOB B Z (W, )
u Il (w, ), KOTOpBIE SBIAIOTCS IPOU3BOAHBIMU z(W, 1) u I1(w, 1) o w ([psauenko et al., B
reJat). DTU pellieHusl He SBISIIOTCS YUCTO PallMOHAIbHBIMU, TTOCKOJIBKY OHM OOBIYHO
MMEIOT TOYKH BETBJICHUS B JPYTUX MECTAX BEPXHEHW KOMIUIEKCHOM MOJIYIUIOCKOCTH C, KaK
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MPaBHIIO0, OECKOHEUHBIM YHCIIOM JIUCTOB PuMaHOBOM moBepxHOCTH 1St z(W, £) U I1(w, f)
(JIymraukos, 2016).

[Topsimok MOJIFOCOB SABJISIETCA MPOU3BOJIBHBIM JIJIs1 HYJIEBOTO MTOBEPXHOCTHOIO Ha-
TSYKEHHS, B TO BPEMSI KaK BCE MOPSAJKHU SIBISIOTCS YETHBIMU U1 HEHYJIEBOIO IMOBEPX-
HOCTHOTO HATsHKEHUS. Mbl ONPENEMIIN, YTO BBIYETHI Z (W, f) B 9TUX N TOYKax sBIISIOT-
C HOBBIMH, pPaHEE HEU3BECTHBIMU KOHCTAHTAMM JIBH)KCHUSI. DTU KOHCTAHTbI JIBUKEHUS
KOMMYTHPYIOT JIPYT C IPYroM OTHOCHTEIhHO ckoOkm [lyaccona. Kpome 3TuX BbIUETOB
MMEIOTCSl M IpYyTUe UHTErpajbl IBMKEHUs. Eciu Bce MOM0Ch MpOCThI, TO YUCIO HE3a-
BHCUMBIX BEIIECTBEHHBIX MHTETPaAJOB ABMXKEHUS paBHO 4N mist HeBecoMocTh U 4N-1
JUTSL HEHYJIEBOM rpaBuTaliiu. J{Jist mositocoB 0oJiee BHICOKOTO MOPSIIKA YHUCIO UHTETPAJIOB
YBEJIUYMBAECTCS. DTU HETPUBHAJIbHBIE KOHCTAHTBI IBM)KEHUS JAtOT apTyMEHT B MOIEPXK-
Ky TUITIOTE3bI O TIOJIHOM MHTETPUPYEMOCTH THIPOUHAMUKH JKUIKOCTH CO CBOOOTHOMN T10-
BEPXHOCTBIO.

PaGoter A. Ipsiuenko, 1. JIymnukoBa u B. 3axapoBa moaaep:kaHbl roc3agaHuEM
«JlnHaMKKa CIIOKHBIX CPEI.

KuroueBble ciioBa: Hec:)KUMaeMasl KUAKOCTh, TOTEHLIUAIBHOE TEYEHUE, NHTETPH-
PyeMOCTh, TaMUIIBTOHOB (hopMasin3M, KOH(DOPMHOE OTOOpaKEHHUE, CHHTYJISIPHOCTH
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We consider a potential motion of ideal incompressible fluid with a free surface and
infinite depth in two dimensions with gravity forces and surface tension.

A time-dependent conformal mapping z(w, ) of the lower complex half-plane of
the variable w into the area filled with fluid is performed with the real line of w mapped
into the free fluid’s surface. We study the dynamics of singularities of both z(w, ¢) and
the complex fluid potential 77(w, t) in the upper complex half-plane of w. We reformulate
the exact Eulerian dynamics through a non-canonical nonlocal Hamiltonian structure for
a pair of the Hamiltonian variables (Dyachenko et al., submitted), the imaginary part of
z(w, f) and the real part at 77(w, ) (both evaluated of fluid’s free surface).

The corresponding Poisson bracket is non-degenerate, i.e. it does not have any Ca-
simir invariant. Any two functionals of the conformal mapping commute with respect
to the Poisson bracket. New Hamiltonian structure is a generalization of the canonical
Hamiltonian structure of (Zakharov, 1968) (valid only for solutions for which the natural
surface parametrization is single valued, i.e. each value of the horizontal coordinate cor-
responds only to a single point on the free surface). In contrast, new non-canonical Ham-
iltonian equations are valid for arbitrary nonlinear solutions (including multiple-valued
natural surface parametrization) and are equivalent to Euler equations.

We also consider a generalized hydrodynamics with the additional physical terms
in the Hamiltonian beyond the Euler equations as in (Lushnikov and Zubarev, 2018)
with the powerful reductions which allowed to find general classes of particular solu-
tions. In Eulerian case we show the existence of solutions with an arbitrary finite num-
ber N of complex poles in z (w, 7) and I (w, 7) which are the derivatives of z(w, 7) and
II(w, t) over w (Dyachenko et al., submitted). These solutions are not purely rational
because they generally have branch points at other positions of the upper complex half-
plane with generally the infinite number of sheets of the Riemann surface for z(w, ) and
II(w, t) (Lushnikov, 2016).

The order of poles is arbitrary for zero surface tension while all orders are even for
nonzero surface tension. We find that the residues of z (w, 7) at these N points are new,
previously unknown constants of motion. These constants of motion commute with each
other with respect to the Poisson bracket. There are more integrals of motion beyond these
residues. If all poles are simple then the number of independent real integrals of motion
is 4N for zero gravity and 4N-1 for nonzero gravity. For higher order poles the number of
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the integrals is increasing. These nontrivial constants of motion provides an argument in
support of the conjecture of complete integrability of free surface hydrodynamics.

Work of A. Dyachenko, P. Lushnikov and V. Zakharov was supported by state as-
signment «Dynamics of the complex materialsy.

Keywords: incompressible fluid, potential flow, integrability, Hamiltonian formal-
ism, conformal mapping, singularities
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