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BBenenne
[loTeHManbHOE TEUYEHHE UACATBHOM HEC)KUMAEMOW JBYMEPHOM KUIKOCTH
CO CBOOOJHOM TOBEPXHOCTHIO B TPABUTAIIMOHHOM IIOJIE OMHUCHIBACTCS CIIEMYIOMIEH
KJIACCUYECKOW CUCTEMOM YPABHEHMIA:

¢ +0_=0 ((pz - 0, z > —)
n+Ne =¢. (z = 1
0, +1/2(@2+¢)+o +gy=0) (z = 1)

3nech 7(x, t) — npoduiab MOBEPXHOCTH, @(X, z, {) — MOTCHIMAJ CKOPOCTH TCUCHHS.
Ora cucrtema SBISETCS TaMWIBTOHOBOW (cMm. Zakharov, 1968) ¢ raMuiasTOHOBBEIMU
nepeMeHHbIMU  7)(X, {) — TPO(HIIb MOBEPXHOCTH, U (X, ) = @(X ,z, {) — TOTCHIIMAJ Ha
MTOBEPXHOCTH. YPABHCHHS IBUKCHHM CIICTYIOIIHC:

oy __8H an_oH 0
o6 & ot by’

1 YCEYEHHBIH (J10 YETBEPTOrO MOPAJIKA) TaMUIIBTOHUAH:

1 . o o o
5 f[[gn Wky] + [y ~ky)yIn + [y mky + Wk(ﬂk(nkl//))]]dx )

Bcerpeunblie BOJIHBI

HanmoMHMM 04eHb KpaTKo, YTO TAKOE€ ypaBHEHHE 3axapoBa il BOJH Ha Boje. OHO
MOXET OBbITh MOJYYEHO B J[BA dTara:

CHavanma BMECTO # M Y BBEIEM HOPMAJIBHYI KOMIUIEKCHYIO KaHOHHMUYECKYIO
HNEPEMEHHYIO @,

w % . %
nkZ‘/ﬁ(akJra_k) Y, =—i L(ak—a_k) a)k=\/g7k.

2a)k
[IpeobpazoBanue ypre onpeaeanm CIeayonmM o0pa3om:

1= ﬁjf(x)e_[hdx f(x) = ﬁj}"ke’k‘dx.
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Kanonnueckoe npeobpa3oBaHue oT a, K b, yCTpaHseT BCE HEPE30HAHCHBIE YJICHBI
B TaMUJIbTOHHAHE (KyOMUeCcKue U 4YeTBEpTOro nopsijika). B pesynsrare ramunsToHnas (2)
npuodpeTaeT BUIL:

H = [o,b,b;dk+~ jT“bkbkbkb s

kkkk

didk, dk. dk,

ko ke
bk — TAKXXC HOpMAJIbHAA KAHOHHWYCCKAs KOMIIJICKCHAs IICPEMCHHAs. T;{k? 3 YAOBJICTBOPSICT
O4YCBUIHBIM YCIOBUSAM CUMMCTPHUU:

koksy k Ky ksky koksy

Tkkl = Tk2k3 = Tkkl = Tklk . (3)

ko ke
SIBHOE (M TPOMO3IIKOE) BhIpAKCHHUE JIJIS Tkk]2 3 mpencrasieno B (Zakharov, 1968
u Dyachenko and Zakharov, 1994). B nanbheiiiem Ham motpedyeTcsi TuaroHalIbHOE

kyk

3Ha4yeHue 71,77
1 Kk

1 —

T, =Kk, / (2m)min( k|,| &, |). 4)

YpaBHEHHE IB)KEHUS BBIISIIUT CIIETYIONTUM 00pa3oM:

ob, .0H
—t+i—=0, 5
ot labk 2
HIJIN
ib, = @b +jT23bkbk I (6)

Kpome sHEprum u MMITyJbCOB OHO COXpAHSET CIEHU(PHUSCKUN UHTErpal JIBUKCHUS —

«YHCJIO BOJIH»:
N= j b, [* dk. (7)

k2k3 o
J1711 OMHOMEPHBIX BOJTH Tkk1 o0nazaeT oueHb BaKHBIM CBOWCTBOM (cM. (Dyachen-
ko et al. 2017)

T,2% =0, e kkikyk, <0 (8)

b(x, t) Moxer OBITH MNpeACTaBICHa KaK CyMMa JABYX aHAJIUTHUECKUX (yHKIMHA B
KOMITJIEKCHOH TJIOCKOCTH Z = X +iy:

b(x,t)=b"(x,t)+b (x,t) or b, =b +b, 9)

b" (x,t) ABISIETCS aHATMTHYECKOM (DY HKIINCH B BEPXHEH IOIYTUIOCKOCTH, b~ (X, ) ABIACTCS
aHAUTUYECKOW (DyHKIMEH B HUIKHEH IMOIYIUIOCKOCTH, UMEET TOJBKO IMOJIOKUTEIBHBIE
dypse rapMOHHMKH b, , B TO BpeMsi Kak b'(x,f) HMEET TONBKO OTpULATeNbHBIC b,
[oncrasnss (9) B ypaBHeHHE ABUKEHUSA (6), MOXKHO MOJTYYUTh
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Ry 4 - T B . PR 2
ity +ib, = 0,5, + 0,5, + [[b b by +25 b, b+ by b b #2555 L6,

dk, dk,dk, +

: (10)
o TL— ksk

+ [l b b vy b b TS, dkdkydk,

[Mocnennee cmaraemoe B (10) paBHO Hymio. [leHCTBUTENBHO, PacCMOTPUM CHadama

TIEPBBIN YJICH:

ki <0.ky>0,ky >0, k=—k+k,+k;>0, kkkk;—>T5=0.
Bropoii uneH cokpalaercs: aHaJIOrM4HO.

Kaxnpiii u3 ocraBmuxcss wieHoB ypaBHeHus (10) cocTouT TONBKO U3
MOJIOKUTENIBHBIX WJIM TOJIBKO W3 OTPHUIATEIbHBIX TapMOHMK. DTO TaKXKE CBA3aHO CO
coiicTBoM (8). Takum 00pazom, 3T0 ypaBHEHHE MOXHO Pa3[AeIUTh Ha JIBA YPaBHEHUS,
OJTHO 7151 TTOJIOKUTENbHBIX, a IPYroe — I OTPULIATEIbHBIX, @ UMEHHO:

g+ + T g ks

ib) = o,b; + [1b] b b +2b, b b 1T255,,, ., , dkdk,dk, -
. . _ _* _ _ +* + _ k k
ib, =w,b; + [[b, b b +2b; b b, 11,2

k+k17k27k

dkdkdk,

Orta cucTeMa JBYX YypaBHEHMH ONMCBHIBAET B3aMMOJCHCTBHE IByX HaOOpOB BOJIH,
BCTPEUHBIX BOJIH (B TOM 4YHCIE€ U CTOSYME BOJHBI). DTO raMHJIBTOHOBA CHCTEMa C

I'ammisTOHMaHOM
+ — 1 2 ko
H = [, (5] [ +|b, Pldk+ > Jisr 0 B b+ b b b TS, dkdiydk+(12)
+ 2J-bk bkl bk2 bk3 ]Tkk? 35k+k17k27k3 dkldk2dk3’
nu
b, ob;
— 4 5H* =0, —~+i 5H* =0.
ot 5b! ot b, (13)

DTacucreMauMeeT ABaHOBBIX UHTETPAJIa ABUKCHU S : «IUCJI0 BOJIH», IBUKYIIUXCA BIIPABO,
U «9UCJI0 BOJIHY, ABMXKXYIIUXCS BJICBO. Onu COXPAaHAIOTCS OTACIBHO. HeﬁCTBI/ITeHBHO,

%j 16" P dk = i[[] o,b] ~bjw,b; 1dk+

. T N kyk.
+if[b] b b b) =B B IXTS, ,  , dkdkdkydk+

k “k "k k+k17k2 —k

. +* _* + _ + _ +* _* k k
2[5 by B b, ~bib b b IXT,28

dikdk, dk dk, = 0

k+k1—k2—k3

u3-3a ycnoBuil cummetpui (3). Takum oOpazom:
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+ e - 0 -
N =j0 b} P dk N =] |5 [ dk. (14)
OueBuaHO, OOIINI UMITYIIBC
M= [ Kb P+ Flldk

TaKXKe COXPAHSICTCS.

Cnenyet orMeTuTh, 4To cuctema (11) MoXKeT ObITh pajiuKaIbHO YNPOIIEHA ITyTEM
NPUMEHEHHsT KAaHOHWYECKOTO MpeoOpa3oBaHUs, aHAJIOTMYHOIO IPeoOpa30BaHUIO B
(Dyachenko et al., 2017; Dyachenko and Zakharov, 2011; Dyachenko and Zakharov,
2012). D10 kKaHOHHYECKOE MPeoOpa3oBaHUE MO3BOJIUT 3alUCaTh 3Ty CUCTEMY B Cymep
KOMIIAKTHOM BH/[IE, B X-IIPOCTPAHCTBE. DTOT HAOOP CBEPXKOMIIAKTHBIX YpaBHEHU OyneT
MIPEJICTABIICH B OTACIHHOMN CTaThe.

HccrnenoBanus BBIMOTHEHBI B COOTBETCTBUH € TOC3a/laHuEeM 1o TeMme «JluHamuka
CJIOJKHBIX CPeI».

KuroueBble cj10Ba: BOJIHBI HA BOJE, MHTETPAJIbl IBHXKCHUSI, OJHOMEPHOE ypaBHE-
Hue 3axapoBa
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Introduction

A potential flow of an ideal incompressible 2D fluid with a free surface in a gravity
field is described by the following classical system of equation:

(pxx +(pZZ = 0 ((pZ % 0’ Z % —OO)
n+tNe =¢. (z = 1n
O, +1/2@2+9)+p_+gy=0) (z = M)

here #(x, 7) is the profile of a surface, ¢(x, z, f) — is the potential function of the flow.
This system is hamiltonian (see Zakharov, 1968) with the Hamiltonian variables 7(x, 7) —
surface profile, and y(x, 7) = ¢(x, z, ) — potential at the surface. Equations of motions are
the following:

o Qv __8H M _0H

ot on ot Sy’

and the truncated (up to forth order) Hamiltonian is

(1)

1 A - - A A A
H= o [llemwyky] + Wiyl + v rhy + ykokoky)]dr @)
Counter-Streaming waves
Let us recall very briefly what is the Zakharov equation for water waves. It can be

derived by two steps:
1. First, instead of # and y, normal canonical variable a, is introduced:

’60 * . / g *
n.= 2_£_(ak+a—k) V,=-1 2_a)k(ak_a”‘) wk:\/gik

Fourier transformation is defined as follows:

1 e 1 ihor
fk=E_[f(x)e dx f(x)zﬁjfke dx.

2. Canonical transformation from a, to b, is chosen to cancel all non resonant
terms in the Hamiltonian, both cubic and forth order.
As a result the Hamiltonian (2) acquires the form:
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H = [o,bbdk+~ jT bbb b S didk dk, dk,

kkkkk+kkk

. . . kA k: . . .
b, — is also normal canonical complex variable. Tkkf 3 satisfies obvious symmetry condi-
tions

k. k k k kk k. k
23— 1 = 32— 23
Tkkl - Tkzk3 = T ek = T ko

The explicit (and cumbersome) expression for Tkl,{;]% can be found in Zakharov
(1968) and Dyachenko and Zakharov (1994). For the future we need diagonal value of

kyky

s ”
. —kk / (2m)min(| & |,| &, |). 4)
The motion equation is the following:
ob, 6H
—+i—=0, 5
ot  Ob, ©)
or
ib, = 0., + [T256, b, b, 6, ., dhdkdk,. (6)

Besides energy and momenta it has specific integral of motion - “number of waves™:
N= j“’ b, [* dk. (7)

For one-dimensional waves Tkl,{{fl% has very important property (see Dyachenko et
al. (2017))

kyky _

T2 =0, if kijok, <0 (8)

b(x, t) can be represented as a sum of two analytic functions in the complex plane
z=Xx~tiy:
b(x,t)=b"(x,t)+b (x,t) or b, =b +b, )

b (x,t) is analytic in the upper half-plane, b~ (x,¢) is analytic in the lower half-plane,
b*(x,t) has only positive Fourier harmonics b, , while 5™ (x,¢) has only negative ones,
b, .

Plugging (9) into the motion equation (6) one can get

ib/ +ib, =w,b +, b‘+_[b; bk*bk*+2b b by +bk bk bk +2b° b b ]T“5

kkk kkk

dk dk,dk, +
(10)

k+kl—k2—k

dk dk,dk..

ky Thky Tk k+kkk

+ﬁbﬁﬁ+ﬁbbﬂf%
1

The last term in (10) vanishes. Indeed, let us consider first crossed out term:
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k <0k, >0,k >0, k=—k +k,+k >0, kkkk, =T =0.

Second crossed out term vanishes analogously.

Each remaining term in the equation (10) consists of only positive or only negative

harmonics. This is also due to property (8). So this equation can be splitted into two equa-

tions, one for positive, and other — for negative, namely
-7+ + ot L Kok

ib' =w b’ + f[bkl b, bl +2b; b b 11,296

k+k1—k2—k3

dk dk,dk,
P (11)
ib, =w,b, +J.[bk1 bkzka + 2ka bkzbk3]Tkkl 5k+kl_k2_k3dkldk2dk3.

This system of two equations describes interaction of two set of waves, count-
er-streaming waves, including standing waves. This is hamiltonian system with the Ham-

iltonian
+ - 1 o g B,
H=[o,[1b] [ +|b; Fldk -+ Jio b B b b b B BTG, didkd + (12)
+* _* 4 g ko

+2[b b BB T8, dkdkydk,,

and ob) SH A SH
Lyi—r=0, —++i—==0. (13)

ot 5h! ot b,

This system has two new integrals of motion, “number of waves” moving to the
right and “number of waves” moving to the left. They are conserved separately. Indeed,

J + . + + + +
EJ”’ P dk=i[[b} @b} - blw,b} 1dk+

+if[B] b B b ~b[b b, b

kk
IXT, 258,y dhdkdk,dk, +

. T T kyk
2[5 by B b, ~ bbb b 1XT,28

3 k+k,—k,—k

172

dikdk, dkdk, = 0
3

due to symmetry condition (3)

+_ [T+ 2 - _ 0 -2
N —J0|bk|dk N= [ | [ dk. (14

Obviously the total momentum
M= [ KB P+, F1ldk

is also conserved.

It should be mentioned that system (11) can be drastically simplified by applying
canonical transformation similar to that of (Dyachenko et.al., 2017, Dyachenko and
Zakharov, 2011, Dyachenko and Zakharov, 2012). This canonical transformation will
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make possible to write down this system in super compact way, in x-space. This set of
super compact equations will be presented in the separate article.

This work was supported by the state assignment “Dynamics of the complex
materials”.
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