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KoMmnakTHble pa3HOCTHBIE CXEMbl XOpOLIO M3BECTHbI M JIEMOHCTPUPYIOT
BBICOKMH TOPAIOK TOYHOCTH sl JU(p(EepeHIIHANBHBIX YPAaBHEHUH C IOCTOSHHBIMH
ko3(puneHTamu.

[TycTh 3amano nuddepeHmaibHOe COOTHOIICHNE

Au=Bf, (1)
rae A, B—auddepeHunanbHbie oneparopsl O X, f— U3BECTHAs (PYHKIUS, ¢ — HEU3BECTHAS.
Cawmpiii yacTeiii cinyuaii: B = E — nuddepennuanpasie ypaBHeHUs. MHoOrma Hy>KHO
guciieHHo nponuddepenmposars — Torna A = E. OOmmii cirydaid MOXKHO Pa3iiokKHTh B
KOMOMHAIUIO 3TUX JBYX YAaCTHBIX CIIy4aeB, HO B TAKOM aJITOPUTME MOTPELIHOCTh YBEIIHU-
YUTCS.

ITycTh 3amana ceTka {xj }jlv:o . Atmmpokcumupyem (1) mapoit pa3HOCTHBIX OIEPaTOPOB:

Pu=0f. (2)
OyHKIUH 3[€Ch YK€ HEe Ha OTpe3ke, a Ha ceTke (cerkax). [llaGmonsr mis P, Q 3amaHsbl.
Jlaxxe B ciydae, korga B — €JUHMYHBIN oneparop, Ucnoib3oBaHue (= E 1O3BOJSAET
CYLIECTBEHHO TMOBBICUTH MOPSAOK PAa3HOCTHOM CXEMbl MPAKTHUYECKU O€3 yBEIUYEHHS
BBIUMCJIUTEIBHBIX 3arpar. FﬂaBHaSJIV ujes: ompeaenauTb Habop N map T.H. TECTOBBIX
pemienuii ypaBuenus (1): {<uj, ff>},-=1 u Haiitu P, O, Takue 4To (2) Ha HUX BBINOJIHEHO. B
IPaHUYHBIX TOUYKAX Ha BHIOOP Oa3uca TECTOBBIX PEIICHUN BIUSIOT IPAaHUYHbBIC YCIOBUSI.
DTOT MOJXO0A MO3BOJIAET M30€KaTh MOTEPU TOYHOCTH PEUICHHS KPAaeBOW 3adaud HM3-3a
HETOYHOH alNpOKCUMAlMK IPAaHUYHBIX YCIOBUH.

Pa3zpaboTanbl anropuTMbl MOCTPOCHHUS KOMIIAKTHBIX CXeM 4-ro mopsika uis
KPaeBbIX 33124 C IEPEMEHHBIM (IVIaIKUM U CO CKauKoM ) KoddurrienToM. J[i1st ypaBHEHMIA
T dy3un ¢ TIAAKUM IIepeMeHHbIM ko3 duumenTom u ypaBuenus Jlesuna-JIeontopuya
TaKXK€ TOCTPOEHBI PA3HOCTHBIE CXEMbl M HKCIEPUMEHTAJIbHO IOATBEPKACH UX 4-i
nopsiIoK. MeTon MOCTPOSHUST KOMIAKTHBIX CXeM 4-T0 MOopsiaKa MOXXHO 000OLIUTH Ha
YPaBHEHMS U CUCTEMbI B YaCTHBIX POU3BOAHBIX CO cI1a00i HEMMHEHHOCTHIO, HAPUMED,
Ha ypaBHeHue Dumepa — KoamoropoBa — IlerpoBckoro — IluckyHoBa, HEJIUHEHOE
ypaBHenue Illpenunrepa wim Ha cucreMy Putuxsro — Harymo. [l HelIMHEWHBIX 3a-
Jla4d MCIIONIb3yeTCsl KOMOMHAIMS MPOCTBHIX SBHBIX CXEM M peJlakCalluH. DKCTParoisus
Puvapicona mo3BosisieT mOBBICUTh MOPSAIOK CXEM J10 6-T0.
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Jlis anmpoKCHMaIMiM MHOTOMEPHBIX 3a7ad C Pa3pbhIBHBIMH KOd(duumeHTamu,
Harpumep, AByMEPHOIO CTAL[MOHAPHOTO ypaBHEeHUs Iu(dy3un B pa3HOPOAHBIX cpenax
HEO0OXOUMO OIIEHUTh BO3MOYKHBIE ACUMITOTHKU PELIEHUH B OKPECTHOCTH H3JIOMOB
JMHUAW TpaHumpbl. s 3TOro Mcnonb3yrorcs 0000IIeHHbIe cOOCTBEHHbIE (DYHKIMU B
yriie, KakoBble MO>KHO MCIIOJIb30BaTh B KauecTBe Habopa TecToBbIX PyHKIMA B (1,2) u
CTPOUTH KOMITAKTHBIE PA3HOCTHBIE CXEMBI, alMPOKCUMUPYIOIINE 3a7a4y Ha TPEYTOIbHBIX
CETKax C BBICOKMM IOPSIKOM TOYHOCTH. ACHUMITOTUKU IO PaguyCy OOOOIIEHHBIX
COOCTBEHHBIX (DYHKIMH (B HOJSPHBIX KOOPJAMHATaX B OKPECTHOCTHU BEPUIMHBI yIJIa)
MMEIOT HppalMOHANIbHBIE [IOKa3aTelH, KOTOPbIE MOXHO HaWTH U3 CIELUUaIbHOrOo
JUCIIEPCUOHHOIO YPAaBHEHHUS U KOTOPbIE OINPEAEISAIOT HHIEKChl COOTBETCTBYIOIIHX
¢dbynkmit beccens mo paguycy.

Jlns psina pa3HOCTHBIX CXEM, alMpOKCUMHPYIOMIUX Ba)KHEHIINE 3BOJIIOLMOHHbIE
YPaBHEHHS MaTeMaTW4ecKoil (PHU3MKM MOXXHO TOCTPOUTH CIEHHUANIbHbIE TPaHUYHBIC
ycnosus, umutupytouue 3anauy Kommum (M3K) Ha Bceit mpsmoii. Ot ycnoBus MU3K
CYILIECTBEHHO 3aBHUCST HE TOJIBKO OT UCXOAHOIO YpaBHEHUS, HO M OT THIIA Pa3HOCTHOM
CXeMbl MW Jaxe OoT Kkod(pduuueHToB cooTBeTCTBYyIOMmEro auddepeHnnanbHOro
ypaBHeHus. Ycnosusa M3K ompenensrorcs ¢ ToyHOCThIO A0 HOpMupoBKH. Ho mpu
YUCJICHHOW peau3alii BBIOOP ATOM HOPMHUPOBKH OKa3bIBAETCS CYyIIECTBEH. BakHa
POJIb pallMOHANIBbHBIX annpokcuMmanuii tuna [lage-OpMuTa cuMBOJIa COOTBETCTBYIOILIETO
ncesroauddepeHnraIbHOro oneparopa. Ilpumepsl movie pemeHuii 3a1a4u ¢ yClIoBUsIMH
N3K nys pa3HOCTHBIX CXEM, aNMpPOKCUMUPYIOIIUX OCHOBHBIE YpaBHEHMsI MarT. (PU3UKHU
cMm. https://cs.hse.ru/mmsg/transbounds .
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Compact finite-difference schemes are well known and provide high accuracy order
for differential equation with constant coefficients.
Let us consider a differential relation

Au=Bf", (1)

where A4, B are differential operators with respect to variable x, fis a known function, u —is
an unknown function. The most frequent case: B=F includes boundary problems for dif-
ferential equations. Sometimes it is necessary to differentiate the function f numerically,
then 4 = E. The general case can be decomposed into a combination of these two special
cases, but in such two-step algorithm the error will be higher.
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Let a grid {xj }N_O is given. We approximate Eq. (1) by a pair of finite-difference
operators:

Pu=0f. (2)

We consider here the equation and functions on the grid (grids) only. Also stencils for
operators P, QO are given. Even in the case where B = E, the use version O = E can sig-
nificantly improve the order of the finite-difference scheme almost without increasing the
computational cost. The main ]ivdea: to determine a set of N pairs of so-called test solutions
of the equation (1): {<uj, fj>},=1 and to determine finite-difference operators P, Q, such
that Eq.~(2) is fulfilled for them. In the nodes near a boundary the choice of the basis of
test solutions is influenced by specific boundary conditions. This approach avoids the loss
of accuracy of the solution of the boundary value problem due to inaccurate approxima-
tion of the boundary conditions.

Algorithms for constructing compact schemes of the 4-th order for boundary value
problems with variable (smooth or jump) coefficient are developed. For the diffusion
equations with a smooth variable coefficient and the Levin — Leontovich equation, com-
pact finite-difference schemes are also constructed and their 4-th order is experimentally
confirmed. The method of constructing compact schemes of the 4-th order can be general-
ized to partial differential equations and systems with weak nonlinearity, for example, for
the Fisher — Kolmogorov — Petrovsky — Piskunov equation, for the nonlinear Schrodinger
equation or for the Fitzhugh — Nagumo system. For such nonlinear problems, a com-
bination of simple explicit schemes and relaxation is used. Richardson’s extrapolation
increases the order of the circuits to the 6-th.

To approximate multidimensional problems with discontinuous coefficients, for ex-
ample, the two-dimensional stationary diffusion equation in inhomogeneous media, it is
necessary to estimate the possible asymptotics of solutions in the vicinity of the boundary
line’s breaks. To do this, we use generalized eigen-functions in the angle, which can be
used as a set of test functions in (1,2) and build compact difference schemes approximat-
ing the problem on triangular grids with high order of accuracy. The asymptotics along
the radius of these generalized eigen-functions (in polar coordinates in the vicinity of the
vertex of the angle) have irrational indices which can be found from a special dispersion
equation and which determine the indices of the corresponding Bessel functions along
the radius.

For a number of difference schemes approximating the most important evolution-
ary equations of mathematical physics, it is possible to construct special boundary condi-
tions imitating the Cauchy problem (ICP) on the whole space. These conditions depend
not only on the original equation, but also on the type of the difference scheme, and even
on the coefficients of the corresponding differential equation. The ICP conditions are de-
termined with accuracy to a gauge. But the choice of this gauge turns out to be essential
with numerical implementation. The role of rational approximations of the Pade — Her-
mite type of the symbol of the corresponding pseudo-differential operator is important.
Examples of movie solutions of problems with ICP conditions for various finite-differ-
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ence schemes approximating the basic mathematical physics equations, see https://cs.hse.
ru/mmsg/transbounds.

The study was realized within the framework of the Academic Fund Program at the
National Research University — Higher School of Economics (HSE) in 2016-2017 (grant
No. 16-05-0069) and by the Russian Academic Excellence Project «5—100».
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